PRENTICE-HALL MATHEMATICS SERIES 
Albeet a. Bennett. Editor 



39276 



Elementary Theory 


Equations 


BY 

William Vernon Lovitt, Ph. D. 

PKOF3ESSOR OF MATHEMATICS 
COLORADO COLLEGE 


PRENTICE-HALL, INC. 

ENGLEWOOD CLIFFS, N.J. 



COPYRIGHT, 1939, BY 
PEENTICE-HALL, INC. 

ENGLEWOOD CLIFFS, N.J. 


A.LL RIGHTS RESERVED. NO PART OF THIS 
BOOK MAY BE REPRODUCED IN ANY FORM, BY 
MIMEOGRAPH OR ANY OTHER MEANS, WITH- 
OUT PERMISSION IN WRITING FROM THE 
PUBLISHERS 


First Printing 

Second Printing. . . . 

Third Printing 

Fourth Printing. . . . 

Fifth Printing 

Sixth Printing 

Seventh Printing . . . 

Eighth Printing 

Ninth Printing. . . . , 
Tenth Printing .... 
Eleventh Printing. . 
Twelfth Printing. . , 
Thirteenth Printing 


November, 1939 
. February, 1942 

April, 1946 

. , January, 1947 

April, 1948 

. . October, 1948 
. . . . March, 1950 
. . . . March, 1953 

June, 1956 

June, 1957 

. . January, 1959 

May, 1960 

April, 1962 


PFJNTED IN THE UNITED STATES OF AMERICA, 


26152-C 


PREFACE 


Heretofore the theory of equations has frequently been pre- 
sented in a form suitable mainly for graduate and advanced 
undergraduate students. The present text makes the subject 
available to those who have completed a one-semester course in 
Analytic Geometry, and who have not had Calculus. 

More material has been included than would ordinarily be 
given to any one class. The abundance of material provides a 
choice of subject matter to meet the needs of different teachers 
who may have different ideas as to what they would like to in- 
clude in such a course. Also, with a choice of material an in- 
structor may vary from year to year the assignments to be given. 

Both in arrangement and wording the author has taken care 
to make the reading of the text as easy as possible. He firmly 
believes that many things which appear difficult can be made 
easy with proper wording. With this fact in' mind, explanations 
are given in full and are not abbreviated. 

An unusually large amount of problem material will be found, 
most of which is new, having been made up and solved in classes 
taught by the author. Graphical solutions are given for the 
quadratic and cubic. For the quartic, a graphical solution is 
presented in the case of two real roots and two imaginary roots. 
For the first time in a text of this kind Graeffe’s method of solu- 
tion is given. 

The author desires here to acknowledge his indebtedness to 
Prof. A. A. Bennett of Brown University for his kindly criticism 
and helpful suggestions, which have materially aided in the 
preparation of this volume. 


W. V. Lovitt 
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INTRODUCTION 


1.1 General remarks. Every year the number of applications 
of mathematics to the sciences increases. In these applications 
equations demanding solution are constantly presented. The 
equations may be of the simple algebraic type; or they may con- 
tain trigonometric or other nonalgebraic functions. They may 
involve the derivative of an unknown function and he called difier- 
ential equations. Other possibilities also exist. 

Mathematicians have devised methods for solving these equa- 
tions. Some of these methods lead to exact solutions; others 
give approximations. Mechanical means have been devised for 
solving some equations. 

The material in this text will deal with algebraic equations and 
with sets of linear equations. We have made one exception: we 
introduce a few simple transcendental equations to show the 
generality and power of Newton’s method of solution. Some 
limit to the material included must be set. Simultaneous alge- 
braic equations of degree higher than the first will not be con- 
sidered. 

Algebraic equations of degree three and four (the cubic and 
quartic) can be solved by algebraic means. Solutions are given 
for these two equations. The general algebraic equation of higher 
degree cannot be solved exactly by radicals. The proof of this 
statement is, however, beyond the scope of this text. 

It is helpful in finding the numerical value of a real root by 
methods of approximation first to find an interval within which 
that root lies and in which there is no other root. Hence some 
simple methods are given for isolating the real roots of an equation. 

1.2 Linear equation in one unknown. The equation 

ox -h h = 0, (a 7^ 0) 

has for solution 


X = 


b 


a ' 


1 
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Algebraically this is of little interest, although arithmetically it 
does involve the question of highest common factor. For ex- 
ample, the equation 

533aj ^ 697 = 0 

should have its solution presented in simplified form. We have 
^ 533 13 ■ 

To make this reduction, we desire to know the highest common 
factor* of 697 and 533. To obtain the H.C.F. of two numbers 
there is a definite method of procedure whereby, barring nu- 
merical errors, one cannot 
fail to find the desired H.C.F. 
For these two numbers the 
process is illustrated without 
comment. A general explana- 
tion is given in the next arti- 
cle. 41 is the H.C.F. 

533|697|1 
533 

492 

^Il64l4 

m 

The real root of ax + 
6 = 0 (a and b real, a 9 ^ 0 ) 
is the X coordinate of the 
point where the straight line 
whose equation isy = ax + b 
cuts the r-axis. For example, the graph of 2/ = 2a; - 5 cuts the 
a;-axis at a; = 5/2, as shown in the accompanying graph (Fig. 1). 

1.3 Highest common factor. Let A and B (B ^ 0 ) represent 
two polynomials arranged in descending powers of some common 
unknown letter (such as x). Let the degree of A be equal to or 



Usually written H.C.F. 
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greater than that of B. If Q represents the quotient and Ri the 


remainder on dividing A by B, then 


A = BQ + Rx; 

(1) 

0 

1 

l!l 

(2) 


From (1), we see that A is exactly divisible by every factor com- 
mon to B and Rv From (2), we see that Ri is exactly divisible 
by every factor common to A and B. Hence, the common factors 
of A and B are the common factors of B and Ri. Divide B by 
Ri. Let the quotient be Qi and the remainder R^. At each step 
continue the division until the remainder is of a degree lower than 
the divisor. Continuing in this way, we have 

A = BQ 4 “ Ru 

( 3 ) 

B = RiQi + R2] 

Ri-i = RiQi + c (c, constant). 

li c 9^ 0, A and B have no common factor containing x. For it 
follows from the identities (3) that A and B have the same common 
factors as B and Ri; B and Ri have the same common factors as 
Ri and R2, and finally Ri-i and Ri have the same common factors 
as Ri and c. But since c is a constant (not zero), R{ and c have 
no common factor containing the unknowm. Hence A and B can 
have no common factor containing the unknown. 

If c = Oj A and B have a common factor Ri containing x ex- 
plicitly. For every factor of Ri is a factor of Ei_i, and Ri is the 
common factor of highest degree. But the common factors of 
Ri and Ri-i are common factors of Ri-i and Ri-2. Hence, Ri is 
the H.C.F. of Ri-i and Continuing in this way, we see that 

Ri is the H.C.F. of A and B. When A or B contains a literal 
coefficient, the equation c = 0 becomes the condition under which 
A and B have a common factor containing x. 

In order to avoid fractions, we may, in any of the divisions, mul- 
tiply or divide the dividend or divisor by a constant. This will 
change any subsequent remainder at most by a constant multiplier 
and hence the H.C.F. at most by a constant multiplier. 
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Example 1. Find the H.C.F. of a:® + 1 and 4- 2a:. 


R = a:^ + 1 |4. = a:^ + 2 :’ — a:^ + 2x \x + 1 

+ X 


3^ — X^ + X 


+ 1 


R, = 


X^ + X — 1 


+ 1 |— a; — 1 


— x^ + X 

x^ — x + 1 
x^ — x~\- 1 
Ri = c — 0 


The H.C.F. is a:® — a; + 1. 


Exercises 


Solve these linear equations, giving the answer in .Us simplest 
form: 


1. 671a: - 793 = 0 

2. 632a: - 1185 = 0 

3. 1909a; - 1079 = 0 

4. 1608x - 3350 = 0 


5. 1677a: - 996 = 0 

6. 1027a; - 1896 = 0 

7. 3186a: - 1298 = 0 

8. 1968a: - 1763 = 0 


Find the H.C.F. of the following: 

9. x’ + a:^ — 2 and x® + 2x* — 4x + 1 

10. x^ + a:® + 2x^ + X + 1 and x® — x^ d- x — 1 

11. X® — 3x + 2 and x^ — 1 

12. ad + 5x® + Ox^* + 7x + 2 and 4x® + 15x® + 18x + 7 

13. X® + 2x^ — 2x’ — 4x^ + X + 2 and x^ — 7x — 6 

14. X® — ad + 8x® — 8x and x® + 4x^ — 8x + 24 

15. x' + 2x' - 2x® - 4x' + X + 2and5x" + 8x® - 6x" - 8x + 1 

16. x’’ — 2x^ + X* — x^ -|- 2x — 1 and 5x^ — 8x® + 3x^ — 2x + 2 

17. X* + 2x^ + X® + x“ + 2x + 1 and lOx^ + 12x^ + 3x + 1 

18. 2x* + 9x’ + 14x + 3 and 3x* + 15x® + 5x' + lOx + 2 

19. X® + 4x' - x' - 16x^ - llx - 2 and x' + 6x® + lOx^ - 
lOx^ - 6x - 1 


In the following determine the condition on the literal coeffi- 
cients so that the given pair of polynomials shall have a common 
factor containing x. When the letter k is involved, find k and the 
corresponding common factor. 
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20. — 4:c + 3 and oi? kx + ^ 

21. X + fc and + 1 

22. 3ax^ + 2&X + c and 6x‘^ + 2cx + 3d 

23. “f 2x + fc and x^ -f 3x + 2k 

1.4 Quadratics. The simple quadratic equation 

+ (1 — Q (a 0, real) (4) 

has for roots 

xi = +a\/3i, X2 = 
aV"— 1 is called a pure imaginary number. 


The quadratic equation 

x^ + X + 1 = 0 

has for roots 



V-3 
2 ’ 


X2 


1 

2 2 


These two numbers are called complex numherB. Pure imaginary 
numbers and complex numbers will be given more consideration 
in Chapter III. 

The general quadratic equation 

ax' + 6x + c = 0 (a 0) (5) 

can be written as the sum of two squares as follows: 

Make the substitution z = x + 

2a 

Equation (6) becomes 

By this process the term of degree one lower than the term of 
highest degree has been removed. There is a general process for 
the removal of the term of degree one lower than the term of 
liighest degree. This will be shown in the chapter on transforma- 
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tion of equations. The removal of the second degree term is one 
of the first steps in the solution of the cubic as given in Chap- 
ter VH. 

Equations (4) and (7) are known as binomial equations) they 
contain two terms only. The solution of binomial equations as- 
sumes some importance in the Theory of Equations. Their solu- 
tion will be taken up in Chapter III. There is a theorem, of Abel, 
the proof of which is beyond the scope of this book, to the effect 
that every equcUion which is solvable by radicals can he reduced to a 
chain of binomial equations of prime degree whose roots are rational 
functions of the roots of the given equation. 

The roots of (5) are 

— ^4- ^ \/b^ — 4a c 

2a 2a ’ 2a 2a 


Whence: 


the difference of roots = xi — = 


•y/b^ ~ 4ac. 


the sum of roots = xi + X 2 = — - : 

a 


the product of roots = xix^ == -. 

a 

Hence \/b^ ^ 4ac, the only irrational function of the coefficients 
which occurs in the roots, is rationally expressible in terms of the 
roots. Furthermore, we see that the symmetric functions of the 
roots, Xi + X 2 and XiX 2 y are expressible rationally in terms of the 
coefficients. 

A = h^ — 4ac is known as the discriminant of the equation. 
We have 


A = a\xi - X2f) 

that is, the discriminant, except for the constant factor is the 
product of the squares of the differences of the roots. 

The equation (7) has the roots 


2i 


\/b^ — 4ac 
2a 


'\/h^ — 4ao 


Z2 = 


2a 
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The discriminant of the transformed equation (7) is equal to the 
discriminant of the original equation (4) ; for 

a^(zi — 22 )^ = — 4ac = a{xi — X2)^. 

1.6 Graphical discussion. The real roots of ax^ + bx + c = 0 
(a, h, c real, a 9^ 0) are the x coordinates of the points where the 
curve 

y = ao? + + c (8) 

crosses the x-axis. It is easy to verify that from (8) we have 



From (9), y will have its 
smallest value (a > 0) 

when has its 

smallest value; that is, 

when X = — For 
2 a 

this value of x we find y = 

4ac - If 

— i This IS the 

4a 

point P in Fig, 2. P is 
said to be a minimum 
point on the curve. The 
roots of the quadratic are 
represented by the points Fig 2 

A and B, 

From (9), y will have its largest value (a < 0) when ^ ~ 

Such a point is said to be a maximum point on the curve. The 
curve as a whole is shifted vertically, up or down, a distance equal 
to the change in c; up if c is increased, down if c is decreased. 
This is illustrated by the three curves in Fig. 3 : 

(a) 2 / = - 2x - 3, (b) 1 / = x" - 2a; + 1, (e) y = x^-2x + 2. 
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Fig. 3 


Curve (a) cuts the a:“axis 
Bit X — — 1, *4"3. The 
roots of the correspond- 
ing quadratic are — 1, 
+3, and the discriminant 
is positive. Curve (b) is 
tangent to the aj-axis at 
a; == 1. The correspond- 
ing quadratic equation 
has two equal roots, +1, 
+ 1 , and the discriminant 
is zero. Curve (c) does 
not intersect the a^-axis. 
The roots of the cor- 
responding quadratic 
are imaginary, and the 
discriminant is nega- 
tive. 

The minimum in each 


case is at a: = — ~ = 1. The minimum value of 2 / for (a) is —4; 
for (b) is 0; for (c) is +1. 

Exercises 


Solve each of the following quadratics by first expressing the 
left-hand member as the sum of two squares: 

1. a:^ -f 6a; + 5 = 0 4. a;^ + 6a; -f 9 = 0 


2. 6a;' + 13a; + 6 = 0 


a; -f 1 == 0 


3. 2a;' + 3a; - 5 = 0 6. 4a;' - 5a; + 2 = 0 

7. For each of the al ovc equations verify the formulas for the 
sum and product of the roots. 

8. For each of the above quadratics verify that 


Xi — X2 


~ 4:ac 
a 


9. For each of the above quadratics compute the discriminant 
and verify that — 4ac = a'(a;i — a; 2 )'. 

10. Verify that the discriminant of ua;' + hx + c vanishes if, 
and only if, the linear functions 2ax + b and hx + 2c are pro- 
portional, 



Chaptee II 


SIMULTANEOUS LINEAR EQUATIONS IN 
TWO AND THREE VARIABLES 


2.1 Introduction. We have solved the linear and quadratic 
equations. The solution of the cubic and quartic will be taken up 
in a later chapter. The general algebraic equation of degree 
higher than the fourth cannot be solved by radicals. Approxima- 
tion methods will be developed later for obtaining the real roots 
of algebraic equations of any degree. 

In this chapter we will consider the solution of simultaneous 
linear equations in two and three variables. In a later chapter on 
determinants we will take up the solution of n simultaneous linear 
equations in m unknowns. 


2.2 Two linear equations in two unkn owns. 

Given the two equations 

aiz -H hiy = Cl, 
aiX -h hy = Cl, 


solve for x and y. Multiply the first equation by hi, the second 
equation by bi and subtract. 

We have 


whence 


(ciibi — d^^x = Ci&2 — c^i. 


Cihi — cibi 
fli 62 — dibi’ 


{aibi — aibi 9 ^ 0 ). 


Multiply the first equation by 02 , the second by oi; subtract and 
solve for y. We find 


y = 


(iiC2 — d^Ci 


Cllb2 — 02 


We observe that the denominators are the same. The numerator 
in the expression which gives the value of :r can be obtained from 

9 
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the denominator by replacing the coefficients of x by the constant 
terms; that is, ai is replaced by ci, and by C2. The numerator 
in the expression which gives the value of y can be obtained 
from the denominator by replacing the coefficients of y by the 
constant terms. 

The values of x and y may be written as follows: 


Cl hi 


ai hi 
(I2 hi 

The expressions in the numerator and denominator of the frac- 
tions in (2), giving the values of x and y, are called determinants 
of the second order. 


Ui 

Cl 

a2 

Ci 

ai 

h 

a2 

h 



= ni&2 — CLihi 


ai, a2, 61, 62 are called elements of the determinant. The elements 
ai, hi constitute the principal diagonal. The elements a 2 , hi 
constitute the secondary diagonal. We obtain the algebraic 
expression aihi — aihi for which the determinant stands by multi- 
plying together the elements in the principal diagonal and sub- 
tracting the product of the elements in the secondary diagonal. 

Equations (2) may be used as formulas, providing a quick 
solution of equations (1). 


Example: Solve hx 2y = 16 
3x — iy = 


16 2 



13 -4 

5 16 1 


|3 -4 


-64 + 12 ^ ^2 
-20 - 6 -26 


-30 - 48 _ -78 
-26 -26 


The two equations represent two straight lines which intersect in 
the point whose coordinates are (2, 3). 
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If aib 2 — a2&i = 0, then 
ai = ka 2 and bi = kh^, 
where fc is a constant, 
and our equations be- 
come 

ka^x ■+• kh^y = Cl, 

a%x + h^y = C2, 

and the two equations 
represent parallel (per- 
haps coincident) straight 
lines. 

If Cl 7^ kc 2 , the two 
lines are distinct and the 
equations are said to be 
inconsistent If Ci = kc^j 
the two lines are coinci- 
dent and the equations 
are said to be dependent. 
For example, 



Fig. 4 


2a: + 3?/ 61 inconsistent and represent two 

4^; -f 02/ = 24] distinct parallel lines. 


2a: + 32/= 6 

are dependent and represent two 
= 12] coincident straight lines. 


Exercises 

Evaluate: 


1. 

2 

1 

6. 

3 

7 

9. 

1 

sin X 


3 

4 


0 

0 


sin X 

1 

2. 

2 

-2 

6. 

6 

3 

10. 

sec X 

tan X 


3 

5 


2 

1 


tan X 

sec X 

3. 

4 

3 

7. 

a 

b 

11. 

sin X 

— cos X 


-2 

5 


2a 

2b 


cos X 

sin X 

4. 

5 

0 

8. 

X 

y 

12. 

CSC X 

cot X 


16 

2! 


ax 

ay 


cot X 

CSC X 
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Solve by determinants: 

13. 2x + bv = 20, Zx + 2y = 19 

14. 5x — iy = 8, X + Zy = 13 

15. bx + 2y = 4, ix - Zy = 17 

16. Zx - 2y = 19, 2x - Zy = 21 


17 1 I 1 ^ 

17. - + - = 5, 
X y 

18. ? + - = 9, 

X y 

19. - + - = 4, 

X y 


20. 2a; -h - = 5, 

y 



For the quadratic ax^ 4- + c, show that: 


21. The discriminant is the square of a 


Xi 


l[ 

l| 


22. The discriminant is — 


2a b 
b 2c 


Show that: 

23. The area of the triangle formed by (0, 0), (a;i, z/i), (X 2 j 2 / 2 ) 

is half the absolute value of j ^ V 

\ X 2 2/2 


24. 


a — h a + 5 
c — d c + d 


= 2 


25. 

a + 6^ 

ac + hd\ 


a b 

1 

ac + hd 

+ d" 


1 c d 


2.3 Solution of three linear equations in three unknowns. 

Solve the following equations for a;, y, and z: 


aix + biy + ciz = di, 
a^x + b^y + C22 = da, 
+ bzy + C32 = dg. 


( 3 ) 
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Multiply the first equation by C2, the second by ci, and subtract. 
Multiply the first equation by ca, the third by Ci, and subtract. 
We have 

(aiC2 — a2Ci)x + ( 61 C 2 — b2Ci)y = diC2 — (kci, 

(aiCa — aiCi)x + {hiCz — hzCi)y = diCz — dzCi. 

If we solve these last two equations for x and y, we obtain 

^ dih2Cz “h dzhzCi -|- dzbiC2 — dsb2Ci — d2hiCz — dibzC2 

(^lb2Cz " 4 “ 0,2bzC\ -{- CizbiC2 — Cizb2Ci — 02 ^ 1^3 — CLlbzC2^ 

CLid 2 Cz 4 " clidzCi -f- CLzdiC 2 — (izd 2 Ci — a^diCz (i\dzC 2 
<2162^3 4 “ + azbiC 2 — CLzb 2 Ci — ci 2 hiCz — U163C2 

In like manner we find 

CLib 2 dz 4 “ Oj%bzd\ 4 “ cLzb\d 2 — cizb 2 di — CL^bidz — ci\bzd 2 

ai 62 03 4 “ (^2 bz Cl + (Xz bi C2 — ciz bz Ci — CI2 bi Cz — Ui 63 C2 ^ 

provided the denominator is not zero. 

We observe that the denominators are the same. The nu- 
merators differ from the denominators only in that the coefficients 
of the variable under consideration are replaced by the constant 
terms. 

Let us represent the denominator by the symbol 


ai 

61 

Cl 

(I2 

62 

C 2 

dz 

iz 

Cz 


This symbol is called a determmant of the third order. Several 
schemes are in use to assist one in recalling the algebraic ex- 
pression represented by the symbol. One is as follows: 



Repeat the first two columns. Draw a diagonal line through 
ai 62 C3. This is one term in the expansion of the determinant. 
Draw two more diagonal lines parallel to this first diagonal 
line, each line passing through three elements of the deter- 
minant. In this way we obtain three terms, all positive, namely: 
CLlb 2 Cz 4 ” ^^10203 4 “ Ci(l 2 bz> 
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Now draw a secondary diagonal line through az 62 Ci. This is 
a negative term in the expansion. Two more diagonal lines are 
drawn parallel to this secondary diagonal, each line passing 
through three elements of the determinant. In this way we 
obtain three terms, all negative: ~azh 2 Ci; —hzc^iai; -czaj)!. No 
similar diagram exists for a determinant of higher order. 

With this notation, the solution of equations (S'i can be ex- 
pressed formally as follows: 



di 

h 

Cl 


ai 

di 

Cl 


ai 

61 

di 



h 

C2 


a>2 

d2 

C2 


U2 

h 

d2 


dz 

h 

Cz 


az 

dz 

Cz 


az 

h 

dz 

s4/ — 

ai 

h 

Cl 

y 

ai 

bi 

Cl 


ai 

61 

Cl 


CI2 

h 

C2 


a2 

h 

C2 


a2 

h 

C2 


az 

&3 

Cz 


az 

h 

Cz 


az 

bz 

Cz 

Example: 

Solve 









X + y + 2 = 6 
2x + y — 2z = 6 
Sx — y -- Zz = 4 



X 
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Evaluate the following determinants: 


2 1 4 
1 2 8 


2 3-6 

-1 2 1 


2 . 


5 

2 

-1 


-1 2 
3 -4 

2 3 


6 . 


9 8 7 
6 5 4 
3 2 1 


3. 


6 9 2 
4 6 2 
2 3 3 


7. 


10 20 30 

2 3 4 

3 4 5 


4. 


3 2 0 

0 2 5 

1 0 4 


8 . 


12 3 

2 3 4 

3 4 5 


Solve the equations below by determinants: 


9. X + y + z = 10 

2x + Zy - 2z = 10 

Zx — y — Zz = 4 

10. 3a: - 22/ + z = 17 

2x + y — 2z = 4 

a: + y — ^.z ■= —2 

11. a: + 2/ + 2 = 1 

2a; + 32/ — 4z = —4 

3a: + 52/ + 4z = 3 

12. a: + 2 / “ 2 = 0 

2x — 2 / 2 = 3 

hx 2y — Zz =■ 0 

Show that: 

17. I xi xi 1 

i xl X2 1 

Xj xs 1 


13. 2x + y — 2z = \ 

X + y — z = 0 

3x — 4z = 1 

14. X + 2/ =2 

2 / + 2 = 1 

X — z = 1 

15. X + 2/ - 2z = 0 


2x + 32/ + 2z = 5 
32/ — 4z = 4 

16. X + 2 / + 2z = 0 
2x — 32/ + 2z = 2 
X + z = 4 


= — (X2 — Xs) (xs — Xi) (xi — Xs). 
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18. The quadratic equation whose roots are xi and X 2 (xi 
may be written as 


19. 


20 . 


5^ ^^2) 


2 

X 

X 

1 



xl 

Xl 

1 

zs 

0 

xl 

X2 

1 



0 

a 

b 


— 

a 

0 

C 

= 0 

- 

b 

—c 

0 


a 

b 

c 



c 

a 

b 

= < 

{a ~\-b 

b 

c 

a 




(a -j- b + c)(a + b + —bc^ac—ab) 


21. The equation of the straight line through (xi, 2/1) 


( 2 : 2 , 2 / 2 ) is given by 


X ^ 1 

xi Pi 1 = 0 

X2 2/2 1 


2.4 Rank of D. Notation. Let 



di bi Cl 


di bi Cl 


di di Cl 


D = 

d2 62 d2 
dz bz Cz 

;N^ = 

C?2 b2 C 2 
dz bz Cz 


< 7-2 C 2 

dz dz Cz 

;N.= 

1 


Any determinant of the second order, formed from the eicments of 
D by deleting a horizontal row and a vertical column of elements 
is called a two-rowed minor of D; likewise for Ny, A,. D 
is said to be of rank 1 if every two-rowed minor is equal to zero, 
but some element is not equal to zero. 


2.6 Geometric interpretation. All of the coefficients in (3) will 
be considered real. 

Case I. D 55^ 0, The equations (3) represent thrcfi planes 
which intersect in a real point. 

Case II. Z) = 0 and is of rank 1, but some element not zero; 
Nx, Ny^ Nz of rank 1. 

The three planes coincide. For from 


I di bi 

I dj hi 


ai Ci 


bi 

Ci j 


ai di 

bi 

di t 

a j c j 


bi 

C; 


ay dj 

bi 

di 



= 

i 

1 ^7 

di 

di 

= 0 

(i, j = 

1, 2^ 


( 5 ) 
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it follows that 


a< = kiai, hi = kibi, d = kiCi, di = kdi {i = 2, 3), (6) 


and the three planes coincide. 

Case III. D = 0 and of rank 1, hut some element not zerOj and 


ai di 1 

h 

di 


Ci di 

a,- dj 1 ’ 

hi 

di 

1 

Ci di 


not all zero 


{h j = 1, 2, 3) 


(7) 


The three planes are parallel and not all coincident. 
For from 


ai 

hi 


ai 

Ci 


ay 

hi 


ay 

Cj 



it follows that 


; -0 (ij = 1,2,3) (8) 


a- = kiaif hi = kihiy Ci = fc*Ci (^ = 2, 3) (9) 

and hence the three planes are parallel. From (7) and (9) not 
both of the following can be true: 


d^ — ^ 2 ^ 1 , dz = kzdif 

and hence not all three planes coincide. 

Case IV. D = 0, hut some two-rowed minor 0, and Nx = 
Ny = N. = 0. 

The three planes have a common line of intersection. 

Let j for example, be the two-rowed minor of D that is 

O 2 C2 ! 

not zero. There exist constants ki and kz such that 

kihi + k 2 h 2 == hz and kiCi + = Cz. (10) 


To ki times the elements in the first row add times the cor- 
responding elements in the second row and subtract the sums so 
obtained from the corresponding elements in the third row. We 
have 


j ai 

61 

Cl 

* 

ai 

hi 

Cl 

1 ) = : 02 

hi 

Cl 

= 

Oz 

h 

C 2 

* a3 

hz 

Cz 


az — kiOi — kzOz 

0 

0 


* The justification for this 
on determinants (§11.15). 


== (ci3 — kia\ — k^af) 


= 0 . 


hi Cl 
62 Cz 

transformation is given in a later chapter 
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By hypothesis: 


therefore 


h 

b2 


Cl 

6'2 


0 , 


as = kiCi + k2a2. ( 11 ) 

Applying the same transformation to A* = 0, we find 

ds == kidi H~ (12) 

Prom (10), (11), (12), it follows that Ny = Nz — 0. 

Now (10), (11), (12) assure us that the third equation is a linear 
combination of the first two. Therefore the three planes either 
intersect in a common real line or are parallel. If they were 
parallel D would need to be of rank 1 as indicated in Case III. 
But D is not of rank 1, since by hypothesis some two-rowed 
minor 9 ^ 0. Therefore the planes intersect in a common real line. 

Case V, D = 0 but some two-rowed minor 9 ^ 0. Ny^ Nz 
not all zero. 

Two of the planes intersect in a line parallel to the third plane. 
Equations (4) can be written as follows: 

Dx — Nx, Dy = Nyj Dz — Nz- 

But Z) = 0, and Nx^ Ny, Nz are not all zero; therefore equations 
(3) are inconsistent. 

A logical process of elimination of possibilities assures us that 
the given conditions leave us the only remaining configuration of 
three planes, namely that stated above. This configuration can 
happen in two ways: 

(1) Two parallel planes are cut by a third plane. 

(2) The three planes intersect in three mutually parallel lines. 

Exercises 

Discuss the following sets of equations: 

X + y -j- z = 3 2. X y + 22 = 7 

2x — 2y 2z = 2 2x ~ 2y + z = 

3x y 32 = 2 3x — y 2z — 9 
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X y + z = 3 

2x + 2y + 2z ^ 2 

3x — y -- Zz = 5 

4. 3a: — 2^/ + z = —6 

2x + 5y — 3z = 2 

4a: — 9?/ + 5;s = “14 

5. 2a: + y “ z = 3 

4:X + 2y — 2z = 6 

Qx + 3y — 3z = 9 

6. X + 2y — z = 1 

2a: + 4y — 2^ = 1 

3x 6y — 3z = 2 

7. X + 2y + 3z — 6 

2a: + 3^ + 42 = 8 

3x + 4y + 5z ^ 10 

8. 6x + 9^ + 22 = 1 

4x + 6y + 2z = 2 

2a: “1“ 3?/ 3z = 3 

9. 2x + ^ + 52 = 4 

a: — 3?/ + 2 = 5 

a: + 4?/ + 42 = —1 

10. 3x + 2y = — 6 

a: — y — 3z = “2 

6x “ y — Qz = 0 

11. 2x “ ^ -f 32 = 1 

3a: + 2y — 2z = 2 

7y - 132 = 1 

12. 5a: + 2^ “ 3 ;^ = 4 

2x - 3i/ 4- 2Z = 5 

4a: + 13y ~ 'i2Z = -7 


13. 6x + 

9y - 

12Z = 


8a: + I2y - 

16Z = 

9 

4a: + 

62/ - 

8Z = 

7 

14. 2a: + 

8y - 

4Z = 

1 

4a: + 

Qy — 

8Z = 

3 

X + 

y + 

Z = 

2 

15. 4a: - 

32/ 

= 

-1 


2y - 

4Z = 

2 

2a: - 

y - 

z =. 

3 

16. 4a: + 

62/ + 

z = 

4 

2a: + 

32/ - 

2Z = 

2 

6a: + 

92/ + 

3Z = 

3 

17. 3a: - 

2y +• 

4Z = 

1 

9a: — 

62/ +• 

Z = 

3 

6a: — 

42/ - 

2Z == 

4 

18. x + 

y - 

Z = 

2 

2x — 

32/ + 

2Z = 

3 

X + lly - 

9Z = 

4 

19. 5x - 

V + 

2Z = 

4 

10a: — 

2y + 

4Z = 

3 

X + 

y + 

Z = 

1 

20. 3a: + 

y - 

2Z = 

1 

3a: + 

y - 

2Z = 

2 

6a: + 

2y - 

4Z = 

4 

21. 4a: + 

2y + 

6Z = 

8 

6a: + 

32/ + 

9Z = 

12 

Sx + 

42/ + 12i^ = 

16 

22. a: + 

y + 

Z = 

4 

2x - 

3 2/ - 

4Z = 

1 

X — 

2?/ + 

2Z = 

9 



Chapter III 

SOLUTION OF BINOMIAL EQUATIONS 

3.1 Introduction. We saw in Chapter I, in solving the quad- 
ratic, that complex numbers occur. We also discovered that a 
quadratic equation could be reduced to a binomial equation. It 
was stated without proof that every equation which is solvable by 
radicals can he reduced to a chain of binomial equations of 'prime 
degree whose roots are rational functions of the roots of the given 
equation. 

The general binomial equation is of the form : 

ax'^'^ -j- h/ = 0 (a 7^ 0, 6 0; r an integer r > 0) or 

x{ax^ + &) = 0 . 

The factor x’’ gives rise to the root 0 with multiplicity r. it 
remains to solve 

ox” -1-6 = 0, (a 7^ 0, 6 0). (1) 

The trivial case 6 = 0 gives a root 0 with multiplicity n. Since 
by hypothesis a 5^ 0, there is no loss of generality in confining our 
attention to the case a = 1, since other cases may be reduced to 
this by dividing by a. Hereafter in referring to a binomial 
equation we shall mean an equation of the form (1) with n a 
positive integer, a = 1. 

This chapter will be devoted to setting up the machiiuiry for 
the solution of a binomial equation and effecting the solution. 

3.2 Pure Imaginary Numbers. Formally the solution of 

x^ -1- = 0 is given byx = ±a\/— 1. 

It is customary to let the letter i represent the imaginary unit 
V— 1 - This imaginary unit has the property that its sriuaro is 
— 1 . We have 

f' = f-t' = f(+l) = H-f, 
f = i-i = f(-l) = -i, f = i-i^ ^ i-i = - 1 , 

= i-i = i{—i) = H- 1 , i’ = i-if = f(-l) = -t, etc. 

The solution of = —a is usually written x = ± ai. 

The solution of = — 9 is x = zfc 3 i. 


20 
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The solution of x — —c is usually written a; = ± 'v/c and 
not X = ±a/~c, although either is correct. 

A pure imaginary number is the product of a real number and 
this imaginary unit. Thus, 2^, and even 0, are pure imaginary 
numbers. The square of a pure imaginary number is always a 
negative real number or zero. 

Thus, 

(2zy = -^4; {-Zif = (~3)^(zy = 9^^ = --9. 

3.3 Complex Numbers. A complex number is the sum of a real 
number and a pure imaginary number. Thus, 3 + 2i, 4 — 3^, 
— 3 + 5z, a + hi (for a and h real) and even 2 and i are complex 
numbers. Any complex number of the form a + hij where 
b Oj and which, therefore, is not merely a real number (namely 
a), is called an imaginary number. The pure imaginary numbers 
(with a = 0) clearly are but special cases of these imaginary 
numbers, a — hi is said to be the conjugate of a + hL a + hi = 0, 
if, and only if, a = h = 0. Otherwise we would have a = —hi, 
that is, a pure imaginary number equal to a real number, which is 
impossible unless both are zero. Two complex numbers a + bi 
and c + di are equal if, and only if, a = c and h — d. Otherwise 
we would have a — c = i{d — b), which cannot be, for a — c is 
real and i{d — h) is imaginary, unless a — c and h — d are both 
zero. 

Operations with complex numbers are performed exactly as in 
the field of formal algebra of real numbers, save only that i^ = — 1. 
Thus, 


I 

(a + b'i) + (c + di) 

= (a + c) + (h + d)i 


(4 + 3i) + (3 + 2i) 

= 7 + 3 i 

II 

(a + hi) — (c di) 

= (a — c) +• (h — d)i 


(4 + 3i) - (3 + 2i) 

= 1 + i 

III 

(a + bi) {(: + di) 

= (ac — hd) + {be + 


(4 + 3i) (3 + 2i) 

= 6 + 17 i 

IV 

a + bi (n + hi)(c — di) 

c + di (r, + di)(c — di) 

ac + hd he — ad . 

c^'^~d^ c^'+~di * 


4 + Zi (4 + 3i)(3 - 2i) 
3' 4- 2* (3 + 2i)(3 - 2t) 

18 + t 18 , 1 . 

= -“13 ~ =T:i + l3^ 
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Exercises 


Express as complex numbers: 



1. (5 + 6i) + (3 + 2i) 

13. 

3 + 5z 

2. (5 + U) + (3 - 4e) 

2 + 2* 

3. (4 + 3i) + (4 - 3i) 

14. 

6 + 52 

4. (4 + 3i) - (4 - 3i) 

2.irzi 

5. (4 + 3i) 13 + 4i) 

15. 

4 + 32 

6. (3 + 2i) (2 + 3z) 


7. (5 + li)Si 

16. 

2 + 52 

8. (x + iyf 

2 ”i" 3^ 

9. (5 + 3i)' 

10. (5 - Bif 

17. 

7 + Zi 
2 - 

11. (3 + 2if 

12. (2 + Sif 

18. 

5 + Zi 
4 + * 

19. Find real numbers x and y for which 



(x + iy)^ = 5 + 12z 
Solution: + 2xyi =5 + 122 *; 

therefore — y^ — b and xy — 6, 


whence x = Z, y = 2 or x = —3, y = —2. 

20. Find real numbers x and y for which 

(a) {x + iyf = 21 + 202, (b) {x + iyf = 40 + 422, 
(c) {x + iy)^ = — 5 + 122 , (d) {x + iyY = — 16 + 302. 

21. Express as complex numbers the square roots of 

(a) 5 “ 122, (b) 7 + 242, (c) 0 + 402. 

22. Prove that the conjugate of the sum of two compk^x numbers 
is equal to the vsum of their conjugates. 

23. Prove that the conjugate of the product of two compI(‘x 
numbers is equal to the product of their conjugate's. 

24. Prove that the conjugate of the cpiotient of two f^omplex 
numbers is equal to the quotient of their conjugate's. 

25. Prove that a complex number is equal to its conjugal f* if, 
and only if, it is real. 

26. Prove that the sum of a complex number and its conjugate 
is zero if, and only if, the number is a pure imaginary. 
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27. Prove that the product of conjugate complex numbers is 
real, and not negative. 

3.4 Geometrical representation of complex numbers. 

Any complex number a + hi can be represented by a point P 
whose coordinates are (a, 6), and the point P in turn identifies the 
complex number. This is called the rectangular form of the com- 
plex number. Thus there is a one-to-one correspondence between 
the points of a plane and 
complex numbers. Real 
numbers are represented 
by the points on the 
X-axis, which is called the 
axis of reals. Pure imag- 
inary numbers are repre- 
sented by the points on 
the 2 /-axis, which is called 
the axis of imaginaries. 

Real numbers and pure 
imaginary numbers are 
thus exhibited as special cases of complex numbers. 

The directed line OP, instead of the point P, may be considered 
the geometric representation of the complex number. A directed 
line segment such as OP is called a vector, here drawn from the 
origin 0. It represents both a length and a direction. From 
figure 5 it is evident that 

a = r cos 6, b = r sin 6, r — \/ ^ 

Then 



a + hi = r(cos 6 + i sin d). 

This is the trigonometric form of the complex number. The 
angle d is called the amplitude (or argument) of the complex 
number; r is called the modulus^ (or absolute value) of a + hi. 
cos d + i sin 9 is sometimes called a complex unit and is sometimes 
indicated by the notation cis 6. 

The magnitude and direction of a force can be represented by 
the length and direction of a line segment. It follows that a 
complex number a -f hi, or its equivalent r(cos 6 + i sin 6), can 


* Plural, moduli. 
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represent a force whose magnitude is r = ^/a^ + ¥ and whose 

direction is 6 = arctan - . 

a 


Exercises 

1. Plot the following complex numbers: 


a. 2 -f" 

b. 2 Si 

c. 4 + Si 

d. 3 - 4f 


e. 6 + Si 

f. 12 ~ 5^ 

g. 5i 

h. -5^ 

i. -3 + 2i 


. 1 , Vs . 

k 

^•2 2 


1. 


V2 


+ 



2. Find the amplitude and modulus of each of the numbers in 
exercise 1. 

3. Plot the following complex numbers: 


a. cos 45° + i sin 45 

b. cos 30° + i sin 30 

c. cos 120° + i sin 120 

d. cos 150° + i sin 150' 

e. cos 210° + i sin 210* 

f. cos 240° + i sin 240* 


g. cos 225° + i sin 225° 

h. cos 300° + i sin 300° 

i. 2(cos 30° + i sin 30°) 

j. 3(cos 135° + ^’sin 135°) 

k. 4(cos 330° + i sin 330°) 

l. 2(cos 390° + isin 390°) 


4. Solve the following equations and plot the roots: 


a. + a: + 1 = 0 

b. a;" - a; + 1 = 0 

c. a: — 6a: d- 13 = 0 

d. a;^ + 6a: + 13 = 0 

e. a:^ — 4a: + 13 = 0 


f. a:" + 4a: + 13 = 0 

g. - 1 = 0 

h. x^ — 1 =0 

i. x^ + 1 = 0 

j. x'' - 1 = 0 


3.6 Graphical solution of the quadratic. 

In Chapter I we saw that ax^ + 5x + c (a 0) can be put in tin 


form 


“[(* 


0 — 4ac 
4a2 


Whence the lowest (high(‘st) 


point on the curve y = ax + 5x + cis for x == -b/2a. Thv corre- 
sponding value of y is (4ac - 6^) /4a. The roots of ax^ + bx + 
c = 0 are 


Xi ~ — ~ — h and X 2 

2a 2a 


— iac 

2a 2a 
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If — 4ac < 0, both 
roots are imaginary, say 
a db I3i. Then a = 
— hi 2 a = OA (Fig. 6), and 
= (4ac — b^)/4:a — 
AM /a. Since a and AM 
are known, ^ can now be 
determined graphically. 
The lines y = 

m [ X ^ through 




A (Fig. 6) with slopes 
dz\/iac — b^ are tan- 
gents to the curve y — 
ax^ + hx + c. If the 
points of tangency are P 
and i2, and Q is the mid- 
point of RP, then RQ = 


QP 


__ V'4ac 


¥ 


2a 


= IS. 



Mark off AB = B'A = 

RQ = p. Then the points 

B and B\ thought of as being in the complex plane, represent 
the roots a + I3i and a — respectively. 


3.6 Multiplication of complex numbers. Let Zi and Z 2 be any 
two complex numbers: 

Zi = n (cos di -f- ^ sin di) ; 

Z2 — Ti (cos ^2 +■ i sin di). 


Then 

Z 1 Z 2 == n (cos Bi + i sin 6 i) -n (cos 02 + i sin Bi) 

= TiT^ [(cos 01 cos 02 — sin 0i sin 02) + z*(sin 0i cos 02 + cos 0i sin 02)] 
= TiT^ [cos (01 -f- Bi) -f- i sin (0i -|- 02)]. 

We now observe that the product of two complex numbers is 
another complex number whose modulus is the product of the moduli 
of the two factors and whose amplitude is the sum of the amplitudes 
of the factors. 

If there is a third factor Z 3 = rz (cos 03 + i sin 03 ), then 
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Si 22Z3 = nrj [cos (01 + 62) + isin(0i+02)]-r3(cos53 + i:sin0.O (D 

= T-^iTz [cos (01 H~ 02 T" 03) ”1“ ^ (^1 “H 02 "t" 03)]- 

If there are n factors, then 

2,2, ... z. = n (cos 01 4- i sin 0i) •r2 (cos 02 + ^ sm 02 )-'- 

r„ (cos 0„ + 2 sin 0„) (2) 

= TiTi ■ ■ ■ Tn [cos (01 -H 02 + • • • "L 0") 

+ i sin (01 + 02 + • • ■ + 0n)]- 

De Moivre’s theorem. In (2) put ri = ra = ■ • ■ = r„ = r and 
= 02 = . . . = 0„ = 0. We have 

[r (cos 0 + 2 sin 0)]“ = r" (cos nO + i sin n0). 

In particular, if r = 1, we have 

(cos 0 + 2 sin 0)" = cos n0 + i sin n6. (3) 

For n not thus restricted to positive integers this is known 
as De Moivre’s theorem. It was discovered in 1730.^ 

We have proved De Moivre’s theorem for n, a positive integer . 
We shall now complete the proof of this theorem for any rational 
value of n.* 

(a) Let n be a fraction r and s being positive integers. 

By (3) we have 

cos 0 + I sin 0 = I cos ^ + 2 sm -^1 . 

Take the s-th root of both sides. We have 

1 ^ 0 
(cos 0 + 2 sin 0)* = cos ^ + i sin ^ . 

Raising both sides to the r-th power, we have 

- T . . T 

(cos 0 + ^ sin 0)* = cos ~ B + % sin ^ Q . 

5 s 

(b) Let n be any negative rational number, — rn, for exaniph". 
— 2, or ’-bp. Then 

* Proofs for the cases in which n is not rational lie beyond the scope of 
this volume. 
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(cos e i sin 0)" = (cos 6 i sin Q) ” 

= 1 _ 1 

(cos 6 i sin 0)” cos mB + i sin mB 
COS mS — ^ sin 

= — 2 — ~2 “ mS % sin mS 

cos mB + sin mB 

= cos ( ~ mB) + i sin ( — mB) 

= cos nB + i sin nB. 


3.7 Powers of a complex number. De Moivre's theorem 
enables us to raise a complex number to any integral power, or to 
extract any root of a complex number. The complex number 
must, however, be put in trigonometric form. The procedure is 
illustrated by the examples which follow: 

Example 1 . Find the cube of 1 + i. 

1 + I = ^2 = \/2 (cos 45° + i sin 45°). 

Then 

(1 + if = [\/2 (cos 45° + i sin 45°)]^ 

= 2V2 (cos 135° + i sin__135°) 

= 2 V2 ^ t - 2 + 2i. 

Example 2. Raise 4 + to the fourth power. 


4 



- 5(eos 36° 52' 12" + i sin 36" 52' 12"). 


Then 


(4 + SiY = [5 (cos 36° 52' 12" + i sin 36° 52' 12")]* 

= 625 (cos 147° 28' 48" + i sin 147° 28' 48") 
= 625 (-0.84321 + i 0.53759) 

= -527 + 336L 
Example 3. Cube a + hi 

a+ti~ Va- +T- 

= \/ a* + (cos 0 H- t sin B) 
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where 0 = arctan-. 

a 

Then (a + hiY = [\/ o?' + ^^(cos d + i sin d)f 

= (a^ + 30 + i sin 30). 

Now determine the numeri- 
cal value of sin 30 and 
cos 30 and simplify. 


a 

Fig. 7 

Exercises 



1. Express the following numbers in the form r (cos B + i sin 0) : 


a. 3 

b. -2 

C. 32 

d. —U 

e. 1 + i 

f. 1 - 2 


g. 1 + V 3 i 

h. 1 — Vs i 

i. — 1 + Vs i 

j. Vs - i 

k. Vs + i 

l. - 1 - Vs I 


Fiad by De Moivre’s theorem the value of 


2. (cos 10° + i sin 10°)^ 

S. (cos 15° + i sin 15°)‘‘ 

4. (cos 20° + z sin 20°)’ 

5. (cos 120° + i sin 120°)“’ 

6. (cos 30° + i sin S0°)'’ 

7. (cos 45° + z sin 45°)*’ 

8. (cos 120° + i sin 120°)’ 


9. (cos 240° + i sin 240°)’ 

10. (co.s 60° + i sin 60°)'“ 

11. (co.s 135° + zsin 135°)“' 

12. 30° + z.sin 30°) ' 

13. (cos 60° + zsin 60°)“’ 

14. (co.s 135° + z.sin 135°)’'’ 

15. 60° + z.sin 60°)’*’ 


16. a. 3’ 

b. (2zy 

c. (1 + zy 

d. (1 - z-)’ 

e. (V3 + if 

f. (-Vs + z)’ 

g. (3 + Vs zr 

h. (2 + 2\/3 if 


i. (-2 Vs + 2z) 

*( ' 


k. - 


+ 


■■V 




■( 




^Vs 

, V2 


3 


3 


4 


m. (- V-S)’ n. (3 - iif o. (12 + Sz)^ 
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3.8 Roots of a complex number. In order to extract a root of 
a complex number, first put it in the trigonometric type form 

r (cos 0 + i sin B), 

Then, since 

cos B = cos {2kTr + 6) and sin B == sin (2kT + B), 

where k is an integer, we can place the complex number in the 
equivalent form, j 

r [cos (2fc7r + 0) + i sin (2fcx + 0)]. 

The method is illustrated by the following examples. 

Example L Find the cube roots of —1. 

- 1 = cos 1S0° + i sin 180^^ 

= cos (2fc7r + 180°) + i sin (2/c7r + 180°). 

Then 

= [cos (2fcir + 180°) + i sia {2kir -1- 180°)]^'® 

2kTr + 180° , . . 2kr + 180° 

= cos 1- ^ sin — . 

If k - 0, then ( — 1)^ = cos 60° + i sin 60° = | + 

if fc = 1, then ( — 1)^ = cos 180° + i sin 180° = —1; 

if k = 2, then ( — 1)^ = cos 300° -|- ^ sin 300° = J — ^ 

Assignment of other values to k jdelds no new results. The 

values just found are the roots of the binomial equation + 1 = 0. 

The two imaginary roots f ^ and ^ i are roots of the 

z z 

quadratic equation 2 :^ — r + 1 = 0. 

Example 2. Evaluate (—1 — ^\/3)^^^. 

-1 - ^\/3 = 2 (cos 240° + i sin 240°) 

= 2 [cos (2ic7r -h 240°) + i sin (Zkir + 240°)]. 


/ • /T\i/4 01/4 r 2kTr -f- 240° . . 

(_1 _ = 2 "' cos ^ ^ sill 


2kTT +■ 240° 

4“ 
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Uk = 0, we have 1.1892 (cos 60° + i sin 60°) = 0.5946 + 

1 0299i' 

if h = 1, U have 1.1892 (cos 150° + i sin 150°) = -1.0299 + 
0 594 6^' 

if fc = 2, we have 1.1892 (cos 240° + i sin 240 ) — 0.o.)46 

l-0299f; 

if fc = 3, we have 1.1892 (cos 330° + i sin 330 ) = 1.0^. K) - 

0.5946*. 

Assignment of other values to k yields no new results. 

Every time that we find the n roots of a complex number 
a + hi, we have found the roots of the corresponding binomial 

equation * 

a;” = a + hi. 

3.9 Geometric representation of the solutions of a binomial 
equation. The geometric representation of the roots of a tu- 
nomial equation will be made clear by the following illustrations: 

Illustration f. Solve the binomial equation x - I - 0 and 
plot the roots. 

Factoring 

X® — 1 = (x — l)(x' + a: + 1) = 0, 


whence 


a: - 1 = 0; 


x^ + a: + 1 = 0; 






The three roots of the given equation are 


xi = 1, :r2 = 







The reader can readily verify that r.i = ri- 'I'hcii it we pu! 
X 2 — w, we have Xs = d’he roots of this parliculor binomial 
equation are often given as 1 , to, to*. 

The reader should verify the following relations: 

CO* = 1, to -CO* = 1, (to*)" = to, ('J-' ) =- 1, 

ZXi = 1 + CO +- CO* = 0; ZXiX, = 1 + o; r t.;' 9, 


XrX2-X3 = 1 . 
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The roots 1, co, cJ are plotted in the accompanying figure 8. The 
roots are represented by the points A, B, C; and the points A, 
B, C identify the roots. 

If we use De Moivre’s theorem to obtain the roots, we have 
= I =z cos 2kT + i sin 2kTj 

whence 

X = (cos 2k7r + i sin 2kTr)^ = cos + i sin . (4) 

6 o 

Giving k the values 0, 1, 2, we have 

Xi = 1 = cos 0*^ + i sin 0°; 

X 2 = oi — cos 120° +■ i sin 120° = — A- -|- 

2^3 = = cos 240° “h 'i sin 240° = — ^ ^** 

Notice that in (4) the 
argument (2/c7r) is a 
positive integral mul- 
tiple of 360°. To ob- 
tain the amplitude 
for 0 ), 360° is divided 
by three. The am- 
plitude for co^ is twice 
that for w. That is, 
the points A, 5, C 
w4iich identify the 
roots are the trisec- 
tion points of the cir- 
cumference of the 
unit circle. Further- 
more the roots of Fig. 8 

= a would bo 

equally spaced on a (*irclo with radius \ ^a\. Joining the points 
A, /i, C by straight line segments, one has a regular polygon of 
three sides. 

We have solved by algebraic means the binomial equation 

— 1 = 0 without the use of any irrationalities other than the 
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extraction of real square roots. One can construct with straight- 
edge and compass alone a regular polygon of three sides. 

Illustration £. Solve the binomial equation — 1 = 0 and 
plot the roots. 

Factoring, 

— I = {x — l)(a; + l)(a; — i){x + i) = 0. 

The roots are 

xi = I'j X2 = i] X3 = — 1 ; ^4 = — 

Using De Moivre^s theorem, we have 

= 1 = cos 2kT -F i sin 2fcT, 

whence 

X = (cos 2k7r + i sin 2A;7r)^^^ = cos + i sin . (5) 

Giving k the values 0, 1,2, 3, we have 

Xi = cos 0° + i sin 0° = 1 

X 2 — cos 90° + i sin 90° = i 

Xz = cos 180° + i sin 180° = — 1 

0^4 = cos 270° + i sin 270^ = — L 



Fig. 9 


Notice that in (o) 
the argument (2A-7r) 
is a positive intctgrai 
multiple of 360°. I'o 
obtain the ainplitu(l(‘ 
for X 2 j 360° is divided 
by four. TIkj ampli- 
tudes for the roots 
x:i, Xi are ohtaiiuMi 
by multiplying thf‘ 
amplitude for suc- 
cessivady by 2, .‘i, 4. 

Thus we s(‘e that 
tiie roots 1 , 2 , — 1 , —i 
represented by th(‘ 
points Ai, A2, A 3, A.i 
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in the accompanying figure 9 are equally spaced on the circum- 
ference of the unit circle. Furthermore, the roots of — a 
would be equally spaced on the circumference of a circle with 
radius j 1- By joining the points Ai, A2, As, A a with straight 
line segments a regular polygon of four sides results. 

We have solved by algebraic means the binomial equation 
— 1 = 0 without the use of any irrationalities other than the 
extraction of real square roots. One can construct with straight- 
edge and compass alone a regular polygon of four sides. 

Note that 

4 4 4 1 

Xi = X2 = Xs — Xa 1 ; 

also 

Xs ^ xl , X^ = xl , Xi = xt . 

If X2 == R, the roots may be represented by R, R^, == 1. 

The student should verify that X2Xi = 1; 0:10:3 = —1; 2Xi *= 0; 

ZXiXj = 0 (i ^ j); XxiXjXfc = 0 (i 9^ j, Jc; j 9^ k); XiX 2 XzXi = — 1. 

Illustration S. Solve the binomial equation 0:® — 1 = 0 and 
plot the roots. 

Factoring, 

— I = {x — l)(x^ + X + l)(o; + l)(o:^ ■” 0 : + 1) = 0. 


The roots are 

xi = 1; i 


0:2 = t + 


2 


0:3 == 0 ); 


Xi = “■ 1 ; 


Xs 


1 Vs . 


Using De Moivre’s theorem, we have 
= i = cos 2/c7r -h i sin 2kTr 


and 


X 


(cos 2k7r + ^ sin 2/b7r)^^® 


2kTT 
cos - , 

0 


+ Lsin 


2/C7I 

6 


Giving k file values 0, 1, 2, 3, 4, 5, we have 
0:1 = cos 0° + i sin 0° = 1 

a /3 

X 2 = cos 60° + i sin 60° = h + ^ i ^ —w' 


(6) 
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X 3 = COS 120° + i sin 120° = — 5 + i = o> 

Xi = cos 180° + i sin 120° = -1 

Xt = cos 240° + i sin 240° = — i — i = 

a/3 

Xi = cos 300° + i sin 300' = h - i = -u. 

Notice that in ( 6 ) the argument (2 /ct) is a positive integral 
multiple of 360°. To obtain Xi, 360° is divided by six. d'he 

arguments for the roots 
xz, Xa, Xzj Xzy Xi are ob- 
tained by multiplying 
the argument for x^ suc- 
cessively by 2, 3, 4, 5, 6. 
Thus we see that the 
roots of the binomial 
equation rc® — 1 = 0 are 
equally spaced on the cir- 
cumference of the unit, 
circle. Furthermore, the 
roots of x' = a would }>(' 
equally spacaxl on the 
circumference of a circle 
with radius [ 1- 

Let the six roots of 
= 1 be represented on 
the unit circle by the points Ai {i = 1 to 6); joining th(\so points 
by straight line segments, one has a regular polygon of six sidi's. 

We have solved by algebraic means the binomial eciuatioii 
X® ~ 1 = 0 without the use of any irrationalities other thaii tin' 
extraction of real square roots. 

Note that a:? = 1 (^ = 1, • • • , 6 ); also xz ~ xl] x,i = xi; == xl; 
Xe = xl; Xi — xl. If X 2 = R, the roots may be represented by 

O I?® 1 

rC, iC , it , Ih , 11 , JX = 1 . 

3.1Q Primitive roots of unity. In the general case x” —1=0, 
we have 



Fig. 10 


= { cos 2A‘7r d* i sin 2k 
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and 


2kTr , . . 2k'ir 
cos — + ^ sin — 
n n 


(fc = 0, 1, 2, ~ 1) (7) 


All of the nth roots of unity are included in (7). 

Let R represent the nth root of unity obtained by taking 
^ = 1. Then 


j. 27r . . 27r 

H = cos h ^ sm — . 

n n 


By De Moivre’s theorem 


, . . 2kT 
K — cos — + i sm — 
n n 


( 8 ) 


{k, an integer). 


Comparing with (7) we see that the nth roots of unity are 
powers of R. The n distinct roots of unity are 

R, R\ • • • , R"~\ R" = 1. (9) 

Since the absolute value of R^' is 1, the points representing the 
nth roots of unity are equally spaced on the circumference of the 
unit circle. Joining these points by straight line segments a regu- 
lar polygon of n sides is formed. The possibility of construction 
of such regular polygons with the use of straightedge and com- 
pass alone is taken up in a later chapter. 

An nth root of unity which is not also a pth root (p < n) is 
called a primitive root. The number R defined by (8) is a primi- 
tive nth root of unity. 

Of the numbers (9), those are primitive nth roots whose exponents 
are prime to n. 

Proof: Consider the root R'^ in (9) (s < n) 

« 2s7r . . 2s7r 

H — cos + ^ sm — . 

n n 


Suppose s and n are not prime. Let k be the H.C.F. of s and n; 

n 

then n = ka; s = kb: and k = ~ < n. We have 

a 


n s s 

{li'Y = {li’Y = (cos + i sin 2 t)'‘ = !'• = 1. 


Since k < n, then R’’ is not a primitive nth ro(M. of unity by virtue 
of the definition of a primitive nth root. 
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But if s and n have no common factor other than unity, then 
(By 9 ^ 1 for r a positive integer less than n. For 


/ r>®N ^ ^TSW . . . 

(R ) = cos h i sin 

n 


2rs7r 

n 


For this to be unity - must be an integer. However s is by 

hypothesis prime to n. Therefore - must be an integer. But 

n 

this is impossible, since r < n. 

Exercises 

Use De Moivre^s theorem to solve the following binomial equa- 
tions, and in each case plot all of the roots: 

7. - i = 0 

8. ”1” ?.* = 0 

9. — i = 0 

10. x' + i = 0 

11. x^ - 1 = 0 

12 . / + 1 = 0 


21 . ( — \/3 + i)^ 

22. (1 - i)* 

-‘f)' 

26. Find the three cube roots of 27. 

27. Find the four fourth roots of —81. 

28. Find the five fifth roots of 32. 

29. Find the six sixth roots of —64. 

30. Find the six sixth roots of +64. 

31. Show that the primitive nth roots of unity arc for 

(1) n = 3:co, co^; (4) n = 6: /i!, //’; 

(2) n = 4: i, -i] (5) n = 8; R, R\ R\ R\ 

(3) n= 5: R,R\ R\ R\ 


1. x^ — i = 0 

2. x^ + i = 9 

3. a:' -h 1 = 0 

4. - 1 = 0 

5. a:' + 1 = 0 

6. a;* - 1 = 0 

Evaluate the following: 

13. (cos 30° + i sin 30°)* 

14. (cos 120° + i sin 120°)* 

15. (cos 150° + i sin 150°)* 

16. (cos 300° + i sin 300°)* 

17. (1 + if 

18. (1 - if 

19. (-1 - if_ 

20 . (1 -s/Sif 
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32. Show that the product of the nth roots of unity is +1 if n 
is odd and —1 if n is even. 

33. If R is an nth root of unity, prove that ^ is also a root. 

R 

34. What are the values of 1 + w" + for integral values of n? 

35. What are the values of + U" for integral values of n? 
3d. bimphiy u , w , w , w , w . 

37. Show that 0, 1 ± i, 2, are roots of the equation {x — 1)* — 
1 = 0, and hence are vertices of a square. 



Chapter IV 


PEOPERTIES OF POLYNOMIALS 

4.1 Definitions. Whenever in mathematics one has two re- 
lated variables, say x and y, and the relationship between them 
is such that for each value of x there is associated exactly one 
value of y, then y is said to be a one-valued function of x. This 
notion of function has been extended so as to apply to many- 
valued relations. In this course all functions encountered will 
be representable by formulas. A function is said to be algebraic 
if it may be represented by a formula which involves the variable 
through the operations of addition, subtraction, multiplication, 
division, involution, and evolution with constant rational ex- 
ponents. All other functions are said to be tramcendciital. Thus, 

3x^ + ax - 5, ~ , (32^ - X + 

are examples of algebraic functions; while 
log X, sin {x + tj), W, arccos x, are examples of transcendental 
functions. 

The reader may note that 

. / T 

sin I - — aresm 

although it might appear to be transcendental is actually alge- 
braic, since, at least for restricted values of x, this n.‘duc(‘s to 

An algebraic* function of x is an integral rational fiirniian if it 
may be represented by a polynomial in x with constant coeffi- 
cients; namely, by an expression of the form 

ax" + ■+ cx”~^ + ■ ■ ■ + px + q. (1) 

* In this course we shall not need to consider functions which are not 
algebraic, or which, being algebraic, are not rational inU^gral fiiiictioii.s. 
Indeed wo .shall not pause to define rational functions or integral function.^ 

in tfiPiieral. 


38 
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Here a, the coefficient of the term of highest degree in x, is called 
the leading coefficient. To avoid trivial cases we often require 
that the leading coefficients as written be different from 0. In 
such a case the polynomial is said to be properly of degree n. 

A function of x is represented for brevity by F{x), f(x), gix)^ 
B{x) or some other such symbol. 

For certain values of x one polynomial may be equal to another 
differently constituted. The algebraic expression of such a rela- 
tion is called an equation. Any value of x which, substituted for x 
in the equation, reduces it to an identity is said to be a root of 
the equation or zero of the polynomial. The determination of all 
possible roots constitutes the complete solution of the equation. 
By placing all terms of such an equation on the left-hand side of 
the equality sign and arranging in descending powers of x^ we are 
able to put the equation in the form 

uqx^ + + a2x'^~'^ 4- . . . q. an^ix + = 0, (ao 9^ 0). (2) 

The highest power of x in this equation being n, this equation is 
said to be an equation of the nth degree in x. If we divide each 
term by ao, by hypotheses different from zero, the equation (2) 
can be put in the form 

a;” + . -f = 0 

where the coefficient of the term of highest degree is plus one. 
This is said to be the p-form of the equation. The term On 
(or pn) whicli does not contain x, is called the constant term. An 
equation is numerical if its coefficients are numbers. An equa- 
tion is said to be literal if its coefficients are letters which stand 
for numbers. 

It is convenient to have special names for equations of different 
degrees. 

A linear equation is of the first degree. 

A quarhatic e({uation is of the second degree. 

A cubic eciuation is of t he third degree. 

A quariic (Kjuation is of the fourth degree. 

A quintic equation is of the fifth degree. 

A sextic (iciuation is of the sixth degree. 

4.2 Sign of a polynomial. Our search for the roots of an equa- 
tion is facilitated if we know that our search should be r(\stricted 
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to numbers less than some determinable positive number or greater 
than some determinable negative number; hence the desirability 
of the following theorem. 

Theorem I : If in the polynomial^ with real coefficients, 

QqX^ -|- aiX^ ^ “h a2X^ ^ -f- • ■ • -h an—ix + an (uo > 0) 

the value — + 1, or any greater value, he substituted for x, where 
do 

Ok is that one of the coefficients ai, Uz, • • ■ , Un whose numerical value 
is greatest, the term containing the highest power of x will exceed, 
numerically, the sum of all the terms which follow. 

The inequality 

aox^ > Uix” ^ + a^x^ ^ + • • • + a^-ix + an 

is satisfied by any positive value of x which makes 

a(^x^ > 1 a/c 1 {x^ ^ + x^ ^ + + 2: + 1), 

where ajc is the greatest, in numerical value, among the coeffi- 
cients ai, U 2 , • • • , an- Sum the geometric series within the paren- 
thesis. We find 

aox >\ak\- — , or x > [x ~ I). 

X — 1 ao{x — 1) 

This inequality is satisfied if ao(x — 1) > | 1; or, solving for x, if 

X > ~ +1, since ao > 0. 
do 

This theorem supplies us with a number, greater than unity, such 
that if X has this value or any greater value, the value of the 
polynomial will be positive. 

If X is negative then aox"" will be positive or negative according 
as n is even or odd. By this method we obtain a negative value 
of x: 



lUo 1 


such that for a: < Xi the term aox”, for n even, will he greater 
than the sum of all the terms that follow it; while for n odd, this 
same term will be less than the sum of all the t(‘rms that follow 
it. In other words, the value of the polynomial for x < Xi will 
be positive for n even, and negative for n odd. 
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In terms of roots of the equation obtained by equating the 
given polynomial to zero, this theorem means that the equation 


cannot have a root greater than 


+ 1 or less than — 


- 1 . 


Example. Find an upper bound to the roots of 
10a:' - 37x' + 22x - 3 = 0. 

In the test formula put Oo = 10, at = —37. We have 

37 , , 

*>55 + 1-4.7. 


We conclude that the given equation has no root greater than 4.7 
or less than —4.7. The roots of the given equation are i, 3. 
Theorem II: If in the polynomial, with real coefficients, 

aox"" + + • • • + an^ix + an (an 9^ 0 ) 


the value ■. — - — , , or any smaller positive value, he substituted 

|an| + |afc|’ 

for X, where Gk is that one of the coefficients ao, ai, a 2 , • • • , Un-i 
whose numerical value is greatest, the term an will be numerically 
greater than the sum of all the others. 

In order to prove this, put x — ~ and then multiply every term 

y 

by y^. We have 

anv'' +■ ^ + an-^y^ ^ • + CLiy + ^^ 0 . 


By Theorem 1, ii y > 


ajc 

a, 


+ 1, then 


I an 1 ^ ^ + • * • + + Cto , 


whence 

1 Un 1 > an-ix H- an_2X^ -(-... -j- + a^x'' . 


But if 


> ^ + 1 , then X < 
\ an 


an I 


1 an I + 1 n;; I ^ 


which completes the proof of the theorem. 
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This theorem is often stated as follows: 

Corollary I: Positive values so small may he assigned to x as to 
make the polynomial, with real coefficients, and without constant 
term, 

a^X “p * • • "p Ctn— 2^ “P 

less than any preassigned positive quantity. 

This statement of the theorem follows at once from the above 
proof by giving to an any positive value, however small. The 
following is another useful statement of the theorem: 

Corollary II: When a sufficiently small positive value is assigned 
to X, the sign of the polynomial, with real coefficients, 

aox” + . . . + an-rx" (an-r 9^ 0, u > r) 

is the same as the sign of its term an-rx\ of lowest degree. 

This appears by writing the expression in the form 

’*+•••+ Un-r) ; 

for when a suiEciently small positive value is given to x, the 
numerical value of On-r exceeds the sum of the other terms of the 
expression within the parenthesis, and the sign of that expression 
will consequently depend on the sign of a^-r- 
Example. Find a value of x such that for that value of x and 
for any smaller value the constant l(‘rm will l)e numerically 
greater than the sum of all the oth(‘r terms of 

+ 6a-'' + + 4a- - 1. 

Put in the formula 1 «« 1 = 1, 1 a* | = 9. W'e have x < ^ = 

0.1. Substituting a: = 0.1 in the given polynomial, we liave 
3a;^ + 6a:^ + 9a:' + 4a; = 0.4963 < 1. 

Exercises 

Find a value of x such that for that value of x or any larger 
value the term of highest degree will be greater than the .sum of 
all of the other terms. 

1. a:' — 6a:' + 1 lx — 6 4. 5x^ — 5x® + Sx" + lOx" 

2. 2x' - 5x' - 2x - 3 + x' - 1 

3. 10x“ - 22a-' - 22x - 6 5. 2x'' + 3a-" - i',/ + ! 
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6. - lOa:^ - lOOx - 2000 

7. 4j:“ - + 2x' - - 4 

8. 100a:' + a:' + a: + 1 

9. a:“ + 1 

10. x‘ - 1 

11. X + a; + 1 


12. lOx' + 18a;' - 17a; - 16 

13. 5a;^ + 10a:' + 9a: + 9 

14. 4a:® + 3a;* + 8x' + 7 

15. 3a:® + 2a;* + 9a;' 

- 8a: + 1 

16. 8a;' + 2a;' + a; + 1 


Find a value of x such that for that value of x or any smaller 
positive value the constant term will be numerically greater than 
the sum of all the other terms. 


17. a;' + a;' + a: 4- 1 

18. a:' + 3a: - 4 

19. a:® - 4a:* + 2x' + 1 

20. a:® - a:* + 2a:' - 2 


21. a:® + a:* 4- a:' + a:' - 4 

22. 997a:' + lOOa:' + 10a: - 3 

23. 3x* + 5x' - 8 

24. 9998a:* + lOOa:' - 2 


25. 996a:' + 200a;' +• lOx - 4 

26. a;' + 99.99a;' + 3a: + 0.01 

27. a;* + 9.99a:' + 3a:' + a; + 0.01 

28. a:' + 9.999a;' + x- 0.001 

29. 8a;' + 7a:' + 9.9999a; - 0.0001 

30. 9a' + 9a' + 9.999a - 0.001 

31. 9.99a* 4 9.99a' 4 9.99a - 0.01 

32. 98a* + 99a' + 97a' + 99a - 1 


Find a value of a such that for that value of a and for any 
.smaller value the term of lowest degree will be numerically greater 
than the sum of all the other terms. 

33. 3a' - 5a' + a 

34. 4a* 4 3a' 4- 2a' - 1 

35. 9a® + 8a* — 3a' — a' 

36. 98a® + 7x - 5a' + 3a' - 2a 

37. a® 4 3a® - 97a' 4 3a' - 3a' 

38. 5a® - 3a* - 96a' + 2a' - 4a 

39. 2a' - 5a* - 95a' 4- 3a' + 5a 

40. 5a® — 6a® 4" 4a* 4 3a' 

4.3 Derived functions. Let us examine the form assumed by 
the polynomial when a 4- i« substituted for a. Represent the 
polynomial by fix). Then 

/(a) = aoa" 4 uia" * 4 flza" '4" • • • 4 Un-ia 4" o>n- 
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Replacing a; by x + A, we have 

f{x + A) = ao{x + A)"" + ai{x + ■+ a^ix + A)”“^ 

+ * • • + (ln-l{x + A) + ttn. 


By the binomial theorem 
ao(x + hy — aox^ + naox^~\ 


Q'lix “b A)^ ^ 


aix 


+ (n — l)aix”“^A 

1 • Jj 


+ • • * -p doh^ 


Hiix: K)" 


(I2X 


-{- (n — 2)<Z2 x” ^A 


j_(n- 2 )(n - 3)^ , 

+ a^x A + 


+ a2A" 


dn-^ix + A)^ = an-2^^ + 2an-2xh + a„-2A^ 

an-l(x + A) = dn^lX + an>-lA 

fln = Qn 

Substitute these values in f(x + A) and arrange in powers of A. 
We then have 


f(x + A) = fix) + fix)h 


+ 


1-2 in ~ 1 ) 


h"' ^ + aoh'' 




where 

fix) = aox” + aix” ^ + a2x” * + • ■ * + (in-^x^ + + (u 

fix) = naox”“^ + (n — l)aix”““ + (n ~ 2)a2:r" 


+ • • • + 2a„„2-r + (in^i 

f\x) = n{yi — l)aox" ^ in — 1) in 2)aix'‘' ^ 

in 2) in — fijci'iX . -j- 20n-i> 
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An) / \ 

Observe that ooh'' may be written ^ A”. 

1*2 • • • n 

The formula (3) is a case of what is known as Taylor^ s theorem, 
here stated, only for polynomials of degree n with real coefficients. 

We observe that j'{x) can be derived from f{x) as follows: 
Multiply each term in J{x) by the exponent of x in that term, and 
decrease the exponent of x in that term by one. The mm of all terms 
obtained from f{x) in this manner, is f{x). 

Observe that f\x) is obtained from fXx) in the same manner 
that f(x) was obtained from /(a;). In like manner the succeeding 
derivatives may all be obtained by successive operations of this 
character. 

f{x) is called the first derivative of f{x). 
f\x) is called the second derivative of f{x). 
f'\x) is called the rth derivative of f{x). 

Obviously (x) is the first derivative oi f^~^\x). 

Example. 

f{x) = a;' + 2a:' - 5a:' - 3a;' + 4a: + 7 
f\x) = 5a:' + 8a:' — 15a:' — 6a: + 4 
f\x) = 20a:' + 24a:' - 30a: - 6 
f'\x) = 60a:' + 48a: - 30 
f^{x) = 120a: + 48 
f{x) = 120. 

All succeeding derivatives are equal to zero. 


Exercises 

Find the first and second derivatives of 


7. a:' - 7a:' + 12a: 

8. a:' 5a:' + 4 


1. x' + + 5x' — 1 

2. a:*' — 7x'^ + 3x' — 8 

3. + 5x' - 2x' + 4x - 1 

4. 2a' + 3x' - 4x' + 5x ~ 7 

5. x' — 6x' + llx — 6 

6. x' — X 

4.4 Continuity of a polynomial. 


9. x' “f 3x' + 4x' + 12x + 40 
10. x® + 2x' - 6x' - 12x' - 
15x - 30. 


A polynomial /(x), with real 
where a is a real 


(‘(x^fficicnts, is said to be continuous at x = a, 
constant, if the difference 

/(a + h) - f{a) 
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can be made numerically less than any preassigned positive num- 
ber for all real values of h sufficiently small numerically. 

By Taylor^s theorem if f(x) is a polynomial, then 

/(a + h) — fia) = f'(a)h + /"(a) ^ + h aoh"". 



By Cor. I, Theorem 
II, the right member of 
this equality can be 
made numerically less 
than any preassigiied 
positive quantity; as a 
result f(a + h) — /(a) 
can be made numeri- 
cally as small as we 
please, and will ulti- 
mately vanish with h. 

Hence a 'polynomial 
f(x), with real coefficients, 


is a continuous Junction of x at every real value of x. 


4.6 Geometric interpretation of a derivative. 

Let y = J{x) be represented by a continuous smooth curve QP. 
Let Q be a point on the curve whose coordinates are [x, y). 

Let P be a point on the curve whose coordinates are (x + h,y + k ) . 
Then 


whence 


Then 


y = f{x) = AQ, 
y + k = f{x + h) = BP, 


k = fix + h) - fix) = CP. 


tan a == 


fix 4- h) 
h 


fix) 


CP 

QC’ 


By Taylor's theorem 

fix A-h) - fix) = rix)h + fix) + . . . + /'■'(x) 

2, n 
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whence 


f(x + h) — fix) 
h 

Hence, the limit of 


= fix) 4- h^^f'ix) + • • • +t\x) 

as h approaches zero isf(x). 


But as h approaches zero, k also approaches zero, and the point P 
approaches Q, while the secant line PQ approaches as a limiting 
position the tangent line to the curve at Q. Thus we see that 
f{x) represents the slope* of the tangent line to the curve y = f{x) 
at the point {x^y). 

Example. Find the slope oi y — x^ ^ x 2 ,t x = y = 0. 
fix) ^ x^ — x;f{x) = Sx^ — 1. For x = — I = 2. There- 

fore the slope of y = x Sit x = 1, is +2. 


Exercises 

Find the slope of the given curve at the point stated. 

1. y = x^ — 3x; x = 0 

2 . y== 2x^ - 15x + 36a: + 23; a: = 1 

3. y = x^ — 5x + 6] x = Z 

4:. y = x^ — 1; X = 2 

y — x^ — %x^ — Ix) a: = 3 

Q. y — x^ Zx^ + bx; x = 2 

7. y-=x^- Zx^ + 4a:' - 7; a; = 2 
S. y = 3a:' — 9a:; a: = 1 

9. y = x^ — 6x' + 11a: — 6; a: = 2 

10. y — — 4x + 3a — 5; a: = 3 

11. y ^ x^ — hx 6a' — 10; a = 2 

12. ^ = a"^ — 6a^ + 4a' — 8; a = 1 

13. y = 2a" - 3a' -f 4a' - 7a; a = -2 

14. y ~ x'' — 3a' -|-7a — 8;a = —1 

15. y = 3a" - 7a' + 5a' - 4; a = -2 

16. y = 2x - 5a" +- 3a' - 10; a = -1 

17. In each of the above exercises find the second derivative. 

4.6 The Remainder Theorem, Consider the operation of di- 
viding a polynomial of degree n, say 

A (a) = aoa”' + aia” ^ -f- . . . -f- a„_ia + a„, (oo ^ 0), 

* By slope of the tanji;eiit line is meant the tangent of the angle that 
the tangent line makes with the positive direction of the a-axis. 
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by a binomial of the form x — h. On division, we have 
A(x) = (x — h)Q{x) + R, 

where Q{x), the quotient, is a polynomial of degree n — 1, and R, 
the remainder, is a constant, in some cases zero. This is an 
identity in x. For x ^ h, since x — h is then zero and Q{h) is 
determinate and finite, the later relation reduces to AQi) = R. 
Hence we have for any polynomial, /(rr), the 

Remainder Theorem. If a 'polynomial f{x) he divided hy the 
binomial rc — A, the remainder R is the value of f{x) when x takes 
on the value h. 

To illustrate a use for the remainder theorem consider 
x{x — l){x — 2){x — 3) — 24. At first sight it is not obvious that 
this polynomial will be divisible by a; — 4. However, if x be re- 
placed by 4, the value of the polynomial is zero; hence the remainder 
on dividing by a; — 4 is zero. Similarly it is divisible by a; + 1. 
Since the polynomial is divisible by both a: — 4 and a: + 1, it is 
divisible by their product — Zx — 4. Upon expansion we have 

x{x — l)(a: — 2)(a; — 3) — 24 = a;^ — 6x^ + lla:^ — 6a: — 24. 

On dividing this polynomial by a:^ — 3a: — 4, we find that the 
division is exact, with quotient a:^ — 3a: + 6. 

The remainder theorem may be stated as follows: 

The value of a polynomial f{x) when h is substituted for x is equal 
to the remainder when f{x) is divided by x — h. 

If R = 0, the division is exact. Hence we have the following 
Factor Theorem: If h is a root of the equation f{x) — 0, then 
X — h is a factor of f{x ) ; and^ conversely, if x — h is a factor of 
fix), h is a root of f{x) = 0. 

Example 1 : Let us divide x^ — + 4a: + 7 by a: — 2. We 

have 

a:^ — 5a:^ + 4a: -f- 7 = (a: — 2)(x^ — 3a: — 2) + 3. 

/( 2 ) = 2 ^ --- 5 . 2 " + 4.2 + 7 - 3 , 

which is the remainder. 

Example a: = 3 is a root of f{x) ^ x^ ~ 2x“ + x — 12 = 0, 
for/(3) = 3' - 2-3" + 3 - 12 = 0. Then a: - 3 is a factor of 
x^ ~ 2a:" + a: — 12. We have 

— 2x" + a: — 12 = (x — 3)(x" -f- x + 4). 
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Exercises 

Without performing the division find the remainder when 

1. + 3a: + 5 is divided by a: — 1. 

2. 2x + 3a:^ — 4a: — 8 is divided by a: — 2. 

3. + 5a:^ — 4a: + 20 is divided by a: + 2. 

4. x^ — 4x^ + 3x^ + 5a:: — 10 is divided by a: •“ 3. 

5. a:^ + 2a:^ + a:^ — a: + 5 is divided by a: + 2. 

6. 2a:® — 5a:^ + 4a:^ + 3a:^ — 6a: + 3 is divided by a: + 1. 

7. 3a:® — Ix^ + 5a:® + 2a: + 4 is divided by a: + 1. 

8. 2a:® — 3a:^ + 4a:® — 7x — 24 is divided by a: — 2. 

Without performing the division show that 

9. a:® — 6a:^ + llx — 6 is divisible by a: ~ 1, a: — 2, a: — 3. 

10. a:® + 4a:^ — 9a: — 36 is divisible by a: — 3, a: + 3, a: + 4. 

11. a:® + a:^ 14a: — 24 is divisible by a: + 2, a: + 3, a: — 4. 

12. x^ — 8a:® + 17a:® + 2a: — 24 is divisible by a: — 2, a: — 3, 

a: + 1, a: — 4. 

13. + 6a:® + 12a:® + 11a: + 6 is divisible by a: + 2, a: + 3. 

14. Show that x^ — a'^ is divisible by a: — a. 

15. Show that a:” + is divisible by a: + a if n is odd. 

16. Show that a:"" — o' is divisible hy x + aii n is even. 

4.7 Synthetic division. When plotting the graph y = f(x), 
the fact expressed by the Remainder Theorem is frequently used 
to obtain the values of fix) for convenient choices of x. 

Suppose we are interested in graphing y = fix), where 

y = 2x^ - 30a:® + 2a:® + 65a: - 7. 

It is clear that for a: = 0, 2 / = —7, but for other integral values 
of X at least a little computation is necessary. Synthetic divi- 
sion gives a short and convenient method of making these compu- 
tations. Divide 

fix) = CloX^ “h aix^ ^ + • * • + “f* o,n (4) 

lyy ^ ^ Let Qix) be the quotient and the remainder R. Qix) 
will be of degree n — 1 in x. Put 

Qix) = + 5ia:” ^ • + 5n-i. 

Multiply Qix) by x - h, add R, and collect coefficients of like 
powers of x. W e have 

fix) = (x — h)Qix) R = + (5i — A5o)x 

® + • • • 4" (5n-i hhn-2)x R hhn- 1- 


(5) 
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Coefficients of like powers of x in (4) and (5) are equal. Then 
bo = Uo, bi = ai + /i5o, 

{>2 = U2 + • • • , hn-l = Un-l + Abn-2, R = an + hhn-l. 

The coefficients bo, bi, • • • , hn-i and the remainder R can be 
readily computed successively by means of these equations. The 
work is facilitated by the following scheme of tabulation: 

O/Q a^ U3 • • • Qn—i a^n 

hho hhi hbz • * - Abn-i 

Uo == bo bi b 2 bs • • • bn~i R 

Rule for synthetic division. To divide f{x) by x — h, arrange fix) 
in descending powers of x, Supply missing powers of x by the 
proper power of x with zero as a coefficient. 

Write the coefficients in a horizontal line in the order Uo, Ui, • • • , an. 
In the second space below ao, write ao (call it bo). Multiply bo by h 
and add the product hho to ai. Write the sum hi in the second space 
below ai. Multiply hi by h, add to 02 , and lorite the sum b 2 in the 
second space below a 2 . Continue this process. The last sum is the 
remainder R. The sums bo, bi, • • • ,bn-i are the coefficients of the 
powers of x in the quotient, Q(x), arranged in descending order. 
Example. Divide x^ + — bx — 7 by x — 2. 

1 + 2- 5 + 0- 7 !2^ 

T 2 -f“ 8 -}- 6 "T 12 

r+"rHr3~+ 6 + 5 

The quotient is x + 4x^ + 3x + 6. The remainder is 5. 

Synthetic division is much used. It is important that it \)o. 
thoroughly understood by the student. To this (md the division 
in the above example will be discussed in morcj d(dail. 

By long division we have 

x^ 4- — 5x^ + 0-x — T'lx — 2 

a;* - 2x" + 4x‘' + ?jx + 6 = Q{z) 

+ 4/ - 5x^ 

+ 4a:'* — Sx"* 

4” 3x'^ 4~ 0 • X 
+ Sx** — 6x 
' + ex'- 7 

+ 6x - 12 


+ 5 = /? 
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Since like powers of x are written in the same vertical column, 
there can be no confusion if only the coefficients are written. 
The work will then appear as follows: 

1 + 2 - 5 + 0 - 7 |1 - 2 
1 - 2 1 +4 + 3 + 6 

+ 4-5 
+ 4-8 
+ 3 + 0 
+ 3-6 

+ 6-7 
+ 6-12 
+ 5 

The first term in the divisor may be omitted, since all divisors 
have the same first term. Only the first term of each partial 
remainder need be written down, for the second term is a repeti- 
tion of the term directly above it in the dividend. We observe 
that it is not necessary to write the coefficients of the quotient, 
for these are equal respectively to the first coefficients of the divi- 
dend and the successive remainders. The coefficients of the first 
terms of the successive products may also be omitted. The work 
will then appear as follows: 

1 + 2 - 5 + 0 - 7 |-2 
- 2 
+ 4 

- 8 
+ 3 


+ 1 2 

+ 5 

Obviously this can be written more compactly in this manner: 

1 + 2 - 5 + 0 - 7 |-2 
- 2 - 8 - 6-12 
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If we replace —2 by +2, and add the partial products instead of 
subtracting them, we obtain the same result. Our work now 
appears as follows: 

1 + 2 ~ 5 + 0 - 7\2 
'l + 4 + 3 + 6 + 5 

Even this second row of numbers may be carried mentally, in 
which case the work would appear as shown below: 

1+2-5 + 0-71 2 
1+4+3+6+5 

Exercises 

In the following find the quotient and remainder. Use syn- 


thetic division. 

1. Divide x* — — 7x^ + 5x + 3 by x — 2. 

2. Divide — dx^ + 2x^ — 3x + 5 by x + 2. 

3. Divide x' - 5a;' + 3x - 7 hy x - 3. 

4. Divide 2a;' — 4a;^ — 17a; + 8 by a; — 4. 

5. Divide 2a;^ — 5a;' — 4a;' + 3a; — 7 by a: — 3. 

6. Divide 2a;' — 3a;^ — 8a;' + 5x — 10 by a; ~ 2. 

7. Divide 3a;^ — 8a;' — 2a;' — a; + 3 by a; — 3. 

8. Divide 2x^ + 5a:' + 3a:' + 4a; + 5 by o" + 2. 

9. Divide a;' + 32 by a: + 2. 

10. Divide a;' — 64 by a: — 2. 

11. Divide 3a:^ + lOo:' — 7a:' — 6a: — 7 by x + 4. 

12. Divide x' — 2x^ + x' — 3x' + 5 by x — 2. 


4.8 Graphic representation. 

The roots of the equation 

x' — 8x + 9 = 0 
can be found graphically as follows: Put 
2/ = x' — 8x + 9. 

By synthetic division, or otherwise, find and tabulate values of y 
for integral values of x differing by unity. We hav(‘ 

_^x 0__ 12 3 4 5 6 7[8 

y 9 2 -3 -6~ "~7 -6 -3 2” ~9 
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Plot the corresponding points and join by as smooth a curve 
as possible. The x coordinates of the points where the curve 
crosses the x-axis are the roots of the given equation. Measuring, 
we find 1.3 and 6.6 to be the roots of the given equation. 



Using this method to find the roots of 
r - 52 + 6 = 0 


put 


!/ = 2^ — 5z + 6. 
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Tabulating values of ^ for integral values of x, we have 


X 0 

1 

2 

3 

4 

5 

y 6 

2 

0 

'o 

2 

6 


We see at once from the table that x = 2 and x = 3 are the 
roots, since for these values of x, ?/ = 0. 

The following example will make it clear that caution must be 
used in plotting a curve. It does not always sufRce to assign 
successive integral values to x. For example, to find the roots of 

6a;® - 172® + llx - 2 = 0, 
put 

y = 6x'^ ~ 17x^ + llx — 2. 

Assign values to x, compute y and tabulate the corresponding 
values. We have 


X 

-1 

0 

1 

2 

1 3 

y 

-36 

-2 

-2 

0 

40 


Plotting these points, all but the first and last of which are 
represented by large black dots in the accompanying figure 13, 

we might be led to think that 
the curve crossed the x-axis only 
once, namely, at x = 2. As a 
matter of fact the curve crosses 
^ the x-axis also at x = ^ x = J . 
In plotting this curve, it bf^comes 
necessary to assign otlier than 
integral values to x. As one may 
see, there is a possibility of seri- 
ous error in plotting a curv(‘, 
no matter how close togf‘t her arf‘ 
the values assigned to x. It is 
essential that one lo(‘.ate all 
points like A and B (Fig. 13) 
where the curve changes direc'- 
pjg tion. This we will learn to do 

in the nc^xt article. 

4.9 Maxima and minima. A point like li, in the neighborhoo<l 
of which there are no lower points on the curve, is calhid a mini- 
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mum point. A point like A, in the neighborhood of which there 
is no higher point on the curve is called a maximum point. At 
every maximum and minimum point on a curve which represents 
so smooth a curve as a polynomial it is clear that the tangent line 
is parallel to the x-axis, and therefore the slope of the tangent 
line is zero. But f{x) represents the slope of the tangent line. 
Therefore at every maximum and minimum point on a polynomial 
curve f{x) =0. In order to find the maximum and minimum 
points on such a curve, find those values of x for which /'(x) = 0. 
Substitute these values of xiny = f(x). If there are any maxi- 
mum or minimum points on the curve, their coordinates will be 
found among the pairs of values of x and y so obtained. 

A point of horizontal inflection is a point like P ox Q (Fig. 14) 
at which the curve crosses its tangent line, the tangent line being 




Fig. 14 

parallel to the a:-axis. At such a point also f{x) — 0. In the 
simpler cases, the student will have no difficulty in determining 
whether the point under consideration is a maximum, minimum, 
or a point of horizontal inflection. 

We give here, in mathematical terms, the conditions for a 
maximum, minimum, or point of horizontal inflection at a; = a*i 
If there exists a region [ x — a;i j < 5, 5 > 0, about Xi such 
that for evcny positive h < 5, (Fig. 15), 

(a) f{xi dc A) > f(xi)j then tnere is a minimum at x = Xi; 

(b) f{xi ± /i) < f(xi), then there is a maximum ai x ^ xt, 

(c) either/(a;i — h) <f{xi) <f(xi + h) andf{xi) = 0 [Point Q], 
or f{xi — A) > f (xi) > f (xi + h) and/'(xi) = 0 [Point P], 

then there is a point of horizontal inflection at a: = Xi. 

Example : By the help of the graphical method find the roots of 
- 35a:" 64^: - 35 = 0. Put 

y = - 35x" + Ux - 35. 
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Tabulate values of x and y. 


X 

0 

1 

2 

3 

y 

-35 

0 

1 

4 


fix) = 6a:“ - 35a:^ + 64a; - 35 

fix) = 18x^ - 70x + 64 

fix) = 0 gives X = 1.47; 2.42 

Whence A (1.47, 2.45) is a maximum point 
and 5(2.42, -0.06) is a minimum point. 

S S 


h 

Fig. 15 



The curve can now be drawn with reasonable accuracy. The 
roots are a: = 1, 5/2, 7/3. 

If the example had been a little different so that the minimum 
point 5 were above the x-axis, then, obviously, there could be 
but one real root. Thus 

6x' - 34x" + 63x - 35 = 0 
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or 

{x - l)(6a:' - 282 + 35) = 0 
has but one real root. 


Exercises 


Plot the following curves. 

1. y = x^ ~ I 

2. 2/ = 2' - 2 

3. y = 2^ - 32 + 4 

4. 2/ = 2^ - 32 + 3 

5. 2/ = - 32 + 2 

6. 2/ = - 32 + 1 

7. y = x^ - Zx 

8. y = x^ - Zx - I 

9. y = x^ 

10. y = x^ - Zx 

11. 2/ = 2(2 - 1)(2 - 4) 

12. y = {x - 1)(2 - 4)(2 - 6) 

13. y = ix-\- 1)(2 - 1)(2 - 4) 

14. y = 2^(2 - 1)(2 - 4) 

15. y = 2^2 - 4) 

16. y = X* 

17. y={x- 1)'(2 - 4)^ 

18. y = 2^(2 - 4) 

19. y = {x~ if{x + 2) 

20. y = x^ 

21. y = x\x - 5) 

22. y = x\x - Zf 


Determine the maxima and minima. 

23. y = x{x - 1)(2 - 5) 

24. 2/ = 2 - 82' + 8 

25. y 2® - 62^ + 92 + 5 

26.2/ 22^-32^-362 + 60 

27. 2/ = 2* - 82' - 4 

28. 2/ = 2' - 82' + 1 

29. y = 2 - 82' + 2 

30. 2/ = 2^ - 82' + 16 

31. 2/ = 2 - 82' - 9 

32. 2/ = 62' - 232' + I62 
- 3 = (2 - 3) 

(22 - 1)(32 - 1) 

Find the roots of 

33. 2’ - 32' + 4 = 0 

34. 2® + 2^ - 82 - 12 = 0 

35. 2 - 2' - 82 + 12 = 0 

36. 2^ - 42^ — 32 + 18 = 0 

37. 2* - 82^ + 52 + 50 = 0 

38. 2’ + 52^ - 82 - 48 = 0 

39. 2^ - 22“ - 122' + 
402 - 32 = 0 



Chapter V 


ELEMENTARY THEOREMS ON THE ROOTS 
OF AN EQUATION 


6.1 Roots between a and b, if f (a) and f (b) have opposite signs. 

Theorem I: If the coefficients of a polynomial f{z) are real num- 
bers, and if a and b are real numbers such that f{a) and f(b) have 
contrary signs, then the equation f{x) = 0 has at least one real root 
between a and b. 



No proof of this statement 
is given here, fix) is a con- 
tinuous function of x. For 
every value of x between a 
and b there is one and only 
one point on the curve. 
Geometrically it is obvious 
that a continuous curve pass- 
ing through P and Q on 
opposite sides of the 2 -a.\is 
must cross the a:-axis at least, 
once; and if the curve crosses 


lY more than once (but does not 

coincide with the a.xis thrnugli- 


OLit any segment), it must cross an odd number of times be- 


tween X = a and x = b. 


6.2 The Factor theorem. Lot us quote here the factor theo- 
rem §4.6 of the preceding chapter: If h is a root of the rquntion 
j'(j) = 0, then X — h is a factor of fix)] arul, conversely, if x — h 
is a factor of fix), h is a root of fix) = 0. 

Theorem II: If fix) is a polynomial of degree n in x, then fix) = () 
has n* roots and no more. 

We assume** that every rational, integral algebraic efiuali(ni. 


* This does not necessarily mean n distinct roots. 

** This assumption is justificfl, but tin* proof lies outsidtt tiie stiope of 
this volume, 
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has at least one root, real or imaginary. Put 

f(x) = aox"^ + aix"" ^ . -f- an-ix + (ao 7^ 0). 

Let n be a root of f(x) = 0. By the factor theorem f(x) = 
{x - ri)Qi(a;) where Qi{x) is a polynomial of degree n — I with 
Go as leading coefficient. By our assumption Qi(x) == 0 has a 
root. Call this root r2. Then by the factor theorem 

Qi(a;) = (x — r^Q^{x) 

and f{x) = (a: - r^{x - r^Q^ix), 

Qi{x) is a polynomial of degree n — 2, again with ao as leading 
coefficient. Qiix) = 0 has a root. Continuing in this way we 
obtain n linear factors of f{x) namely x — n, x — r 2 , — x 
and in addition the constant factor ao, which is the coefficient of 
x''inf(x). Then 

f(x) = ao(x — ri)(x - r2) • • • (a; ~ ^n). 

If X is given any one of the values n, r2, • • • , rn, then /(a:) vanishes; 
so, f(x) has for roots the n numbers n, f2, • • • , If x is given 
any value other than n, ^2, • • • , rn, then no factor off(x) can 
vanish, and the equation f(x) = 0 is not satisfied. Hence /(a:) = 0 
cannot have more than n roots. 

From this theorem it follows that the problem of solving an 
equation f(x) = 0 is essentially the same as that of factoring the 
polynomial /(a:). In order to form the equation that has given 
numbers for its roots, we have merely to equate to zero the 
product of the differences obtained by subtracting each given 
number in turn from x. 

Example 1. Form the equation of lowest degree whose roots 
are —2, 1, 0. We have 

{x + 2)(x - - l)(a; - 0) - 0; 

the desired equation (when written with ao = 2) is 

x{x *“ l){x + 2)(2x — 1) = 0 , or 2x^ + — 5x^ + 2x = 0 . 

If any root is repeated, that root is written down as many 
times as it occurs as a root. 

Example 2. Form the equation of lowest d(‘gree whose roots 
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are 1, 1, 1, 2. We have 

{x - l)(x - l)(.x - l)(a: - 2) = (x - l)’(x - 2) 

= x‘ - 5x® + 9x^ - 7x + 2 = 0. 

We are now able to solve the following problem: 

Problem. It is known that 1, 2 are roots of the equation 
f{x) ^ — X Find the other roots. 

The product {x — l){x — 2) =* — 3x + 2 is a factor of f{x) = 0. 
Factoring we find 

x‘ + X® - 7x' - X + 6 = (x' - 3x + 2)(x” + 4x + 3) = 0. 

The desired roots are the roots of x^ + 4x + 3 = (x + l)(x + 3) =0, 
namely —1 and —3. 

Exercises 

Form the equations, in each case of lowest degree, whose roots 
are as follows: 

1. 3, -2, -1 8. I, I, 2 15. 2 ± Vs, 3 ± \/2 

2. h, i 2 9. f, i, i 16. 3, ±2i 

3. -2, -3, 2 10. -I, -I, 3 17. 5, ±3f 

4. 1, 2, 2, 3 11. 3, ±\/5 18. 4, 3 ± 2i 

5. 0, 2, 3, 4 12. ± ^2, db\/3 19. 2 ± 2i, 3 ± 2f 

6 . 2, 2, 2, -3 13. 5, 3 ± V2 20. 1 ± 2i, 3 ± ^2 

7. I, ii 14. -1, 2±v/3 

6.3 Imaginary roots occur in pairs. Let us remind the reader 
that the number of real roots of an equation with real coefficients 
may be less than the degree of the equation. For example 
— 8 = (x^ + 2)(x^ — 4) = 0 has two real roots, 2,-2 
and two imaginary roots db^\/2. Plotting y == x^ — 2x‘^ — 8 
(Fig. 18) we find that the curve cuts the x-axis in two real points. 
If the equation had four real roots the curve would cut the x-axis 
in four real points. 

Theorem III; If f(x) is a polynomial with real coefficients, and 
if a + hi, where a and h are real, and 6 0, is a root of the equa- 

tion f{x) = 0, then a — hi is also a root. 

Let 

/(x) = Oox” + + . . . + a„_ix + a^. 
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Putting a + bi in place of x, we have 

ao(a + hiy + ai(a + an-i{a + bi) + an. 

Expand each binomial and simplify. All terms that contain even 
powers of i will be real; all terms that contain odd powers of i 
will be pure imaginary. Represent by P the algebraic sum of all 



of the real terms and by Qi the sum of all of the pure imaginary 
terms. Then, since by hypothesis a + hi is a root of f{x) = 0, 
we have 

/(a + bi) ^ P + Qi - 0. 

Whence 

P = 0 and Q == 0, by §3.3 

For any positive integral exponent the binomial expansion of 
a — hi can be obtained from that of a + hi by replacing i by —i. 
This replacement will not alter those terms in which hi is raised 
to an even power. In those terms in which hi is raised to an 
odd power, this replacement will result in a change of sign of the 
term, and we shall have 

/(a - hi) = P - Qi, 


But 


P = 0 and Q - 0; 
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accordingly 

/(a — hi) = P — = 0, 

and so 

a ~ hi is a root of f(x) = 0. 

Corollary I. Every polynomial equation f{x) == 0, with real 
coefficients, is the product of real factors, each of the first or second 
degree. 

For to each real root r, there corresponds the factor x — r; and 
to each pair of imaginary roots a + hi, a — hi, there corresponds 
the real quadratic factor x^ — 2ax + (of + h^), which is the 
product of X — a — and x — a + hi. 

Corollary 11. Every polynomial equation fix) = 0, with real 
coefficients, of odd degree, has at least one real root. 

Since imaginary roots occur in pairs, the total number of imagi- 
nary roots must be even. For an equation of odd degree the 
total number of roots, real and imaginary, must be odd, and at 
least one root must be real. For a cubic equation, with real 
coefficients, this means that either all roots are real, or one root 
is real and two imaginary. 

Illustration: The roots of — lx + 25a: — 39 = 0 are 3, 
2 db 2>i and a:' - -f 25a: - 39 = (a: - 3)(a:' - ix + 13). 

5.4 Theorem IV. Every polynomial equation fix) = 0, with 
real coefficients, of even degree and with a negative constant term and 
coefficient of highest degree term positive, has at least one real posi- 
tive root, and one real negative root. 

If a: = 0, f(x) is negative, since the constant term is negative. 
If a: = a is large enough, /(a) is positive [§4.2]. Then there is a 
real root, which must be positive, between 0 and a. If x = —h, 
h real and positive, and b is large enough, /( — b) is positive, since 
fix) is of even degree; and there is a real root, which must be 
negative, between 0 and —h [§4.2]. 

Illustration: — 3a:^ — 7x‘^ + 27a: — 18 = 0 has for roots 1, 

2, 3, -~3. 

With the exception of those equations of even degree with posi- 
tive constant term, this theorem, with corollary II of the previous 
theorem, proves that every rational integral algebraic equation 
with real coefficients has a real root. 
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The following statements respecting the absence of real roots 
will be seen to be obviously true: 

Statement I : If the coefficients in f{x) are all positive or zero 
(not all being zero), the equation f(x) = 0 has no positive roots. 

Statement II: If all the nonvanishing coefficients of the even 
powers of x in f(x) have one sign, and all the nonvanishing coeffi- 
cients of the odd powers of x the contrary sign, the equation 
f{x) = 0 has no negative root. 

Illustration: (x — l)(x — 2)(x — Z) = + llx — 6 = 0 

has no negative root. 

Statement III: If f{x) has a term independent of x and involves 
only even powers of x and the nonvanishing coefficients are all of 
the same sign, the equation f{x) = 0 has no real roots. 

Illustration: x^ + + 1 = ^ has no real roots. The roots are 

VK — 1 ± ^VS)* 

Statement IV: If fix), not identically zero, involves only odd 
powers of x and the nonvanishing coefficients are all of the same 
sign, the equation fix) = 0 has no real root, except x = 0. 

Illustration: 

x^ + 4:X^ -jr ix xix^ + 2)^ = 0. 

5.5 Theorem V: If the polynomial fix) ^ with terms arranged 
in descending order, consists of a set of terms in which the coefficients 
are all of one sign, followed hy a set of terms in which the coefficients 
are all of the contrary sign, the equation fix) = 0 has one and only 
one positive root. 

Let 

fix) = aoX^ aiX^ ^ d- • • - -|- an—ix -h ctn, (uo 9^ 0). 

Let us assume, for example, that the constant term is negative. 
Then /(O) < 0. For x large enough fix) has the same sign as 
Oqx'' which is positive. Then by theorem I, fix) = 0 has at least 
one positive root We shall now show, under the hypothesis of 
the theorem, mat fix) = 0 cannot have more than one posi- 
tive root. 

Suppose that uo, ai, • • * , Ur are positive or zero (not all being 
zero) and the remaining coefficients (not all zero) are negative 
or zero. 

Let 

Ur+l ~ Fr+lj <3tr4-2 “ Pr+2} ‘ ‘ j “ Pn» 
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Then we may write f(x) as follows: 

f{x) = + CLiX^ ^ “h • • * dr ^ 

Pr+2 Pn 

The expression dox" + + . . . + ar incredses as x increases, 

(x > 0) unless r = 0, and then it remains constant ; the expression 

Pt-\-X I Pt-^2 I I Pw 

diminishes as x increases, x > 0. Thus, as x increases from zero 
onwards, the two expressions cannot be equal more than once. 
That is, f{x) = 0 has only one positive root. 

The method of proof will be the same if we suppose the first 
set of terms negative and the second positive. 

Illustration: 

x^ + 3x^ — 4x — 12 = (x + 2){x + 3)(:r ~ 2) = 0. 
has only one positive root. 

Exercise. In the astronomical problem of three bodies occurs 
the equation 

+ (3 iLi)r^ + (3 — ^ fir^ — 2/xr — ^ = 0, 0<^i<l. 

Show that there is a single positive real root. 

6.6 Relations between the roots and the coefficients. In the 

linear equation and the quadratic equation we have explicit ex- 
pressions showing the dependence of the roots on the coefficients 
[see Chapter I]. In this article we will obtain, for equations of 
higher degree, explicit expressions showing the dependence of the 
roots on the coefficients. 

For simplicity take the coefficient of the highest power of x as 
plus one. Let the n roots of the equation be n, r 2 , • • • , r„. We 
have the following identity: 

™ (x - ri){x - r 2 )(x - rs) • • • (r - r„). 


(1) 
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Let us assume that 

(x - ri)(z - r 2 )(x - ra) • • • (a: - r„) 

= x"" - (ri + r2 + -• + 

+ (nr2 + rifs -f- . . . -f TiTn + raTs + . . . + rn^irn)x^~^ (2) 
“ (nrzTs + rir2r4 + rir3r4 + • • • + rn-2rn-irn)a;^“^ 

+ • * • + ( — I)”(n7*2r3 • • • Tn-lTn). 


By actual multiplication we have 

(x - ri)(x - T 2 ) ^ - (ri + r 2 )x + nxi 

(x - ri)(x - r 2 )(x “ rs) 

= — (ri + r2 -h r3)x^ + (rir2 + rirs + r2rs)x — rir2r3, 

so that (2) is true forn = 2 and 71 = 3. 

If we multiply both sides of (2) by x — it is easy to see 
that the resulting equation can be obtained from (2) by replacing 
n by n + 1. Thus by mathematical induction the proof is com- 
plete that equation (2) is correct. 

Equating coefficients of like powers of x from the left member 
of (1) and the right member of (2), we have 

Pi = - (ri + 72 + rs + • • • + fn) 

P2 == rir2 + nrs + - • • + rir„ + r2r3 + . . . + Xn-iTn 

Pz = -(717273 + 717274 + 7x7374 + • ' • + rn-27n_l7n) 
^ . 

Pn = (-l)”(7ir273 • • • 7n_l7n). 

These relations between the coefficients and roots may be stated 
as follows: 

Theorem VI: In a polynomial equation of degree n in x, in 
which the coefficient of the term of highest degree is plus one, 

(a) the coefficient of x”~\ with its sign changed, is equal to the 
sum of the roots; 

(b) the coefficient of x”"*^ is the sum of the products of the roots 
taken two at a time; 

(c) the coefficient of x”~*, with its sign changed, is equal to the 
sum of the products of the roots taken three at a time; 
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(d) the coefficient pr of x""', vdth its sign changed or not according 
as r is odd or even, is equal to the sum of the products of the 
roots taken r at a time] 

(e) finally, the product of all of the roots is equal to the constant 
term or its negative, according as n is even or odd. 

Example. Find the cubic equation in p-form whose roots are 
2, 3, -4. 

pi= -[2 + 3 + (-4)] = -1; 

Pi = 2-3 + 2(-4) + 3(-4) = -14; 

ps = -2-3(-4) = 24. 

The cubic is therefore 

x’ - a:' - 14a; + 24 = 0. 


Exercises 


Construct the equation of lowest degree whose roots are as 
follows: 


1. 2, 3, 4 

2. 2, 2, -3 

3. 1, 2, 3, 4 

4. 3, -3, 2 

5. 2, -2, 3, -3 

6 . 2 , 2 , 2 , 1 


7. ±V3, 1 

8 . ±■^ 3 , ^3^/2 

9. 1, 2, 3, 4, 5 

10. 4, 2, -3, -3 

11. 4, 5, -3, -2 

12. -1, -2, 3, 4 


13. ±V2, 1, 3 

14. ±V3, 2, 4 _ 

15. dr's/2, dr-\/5 

16. 3, 1 dr 2i 

17. rfc2, =fc3 

18. -3, -1, 2, 4 


5.7 Theorem VII. Any rational root of an equation 

fix) = x" + Pix"^' + PiZ"~‘ + • • ■ + Pn-lX + Pn = 0 (Pn 7^ 0), 


where pi, p2, • • • , Pn nre integers, is an integer and an exact divisor 

of Pn. 

If possible let ^ be a root of fix) = 0, where ^ is a fraction in 
0 0 

its lowest terms. I'hen 




+ • • • + Pn-\ 



+ Pn = 0 


(3) 


whence 


h 


— {pxa" * + p2a" ^5 + • • ■ + pn-iab" ^ + p„6" '). 


(4) 
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The right-hand member of (4) is an integer, since every term is an 
integer, while the left-hand member is a fraction in its lowest 
terms. Thus, the hypothesis that a/l is a root has led to an 
absurdity. 

If r is a rational root, it must then be an integer. We will now 
prove that it must be a divisor of If r is an integral root, 
we have 

r" + pir""* -I- psr""® -!-••-+ Pn-ir -b Pn = 0, 

(5) 

or - -b • • - -b ^ 

T 

The left-hand member of (5) is an integer and therefore pnh is 
an integer. This is equivalent to saying that is exactly di- 
visible by r. 

Example: Find the roots of — Zo? -f -b 7a; — 30 = 0. 
The factors of 30 are ±1, ±2, ±3, ±5, dz6, ±10, ±15, ±30. 
By trial ±1, +2 are not roots. By synthetic division -“2 is a root. 

1 - 3 + 1 + 7 - 30[;^ 

-2 + 10-22 + 30 
1-5 + 11-15 

The quotient is rc® — + llx — 15. Additional rational roots 

must be factors of 15; then ±2, ±6, ±10, ±30 are eliminated 
from further consideration. By trial, —3 is not a root. By syn- 
thetic division 3 is a root. 

1 - 5 + 11 - 15|3 
3 - 6 + 15 
1-2+5 

The quotient a;^ — 2a; + 5 is zero for a; = 1 ± 2i. The roots 
are then 1 ± 2z, 3,-2. 

5.8 Theorem VUE: For an algebraic equation all oj whose co- 
efficients are integers, an integral root is an exact divisor of the 
constant term. 

This theorem differs from theorem VII in that in VII Uo = 1, 
while in this theorem Uo is not necessarily = 1. 

If r is a root of the equation 

^ + • • • + an—lX + <Zn “ 0 (Un 7 ^ 0), 
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then 

Oor" + Oir" ^ + • • • -f- dn—lT + On 0, 

whence 

r( — oor"“^ — air’‘~^ — ... — ^n-i) = o„. 

Since Oo, Oi, • • ■ , o* and r are integers, the expression in the 
parenthesis is an integer and is the quotient obtained by dividing 
a„ by r. So On is exactly divisible by r. 

Example. Solve 

2x^ llx^ + 17a: - 6 = 0. 

The integral divisors of 6 are ±1, ±2, ±3, ±6. By trial ±1, 
— 2 are not roots. By synthetic division 2 is a root 

2-11+17-612 
4-14 + 6 
2 - 7 + 3 + 0 

To obtain the remaining roots, solve the quadratic equation 
2a;^ - 7a: + 3 = 0. 

The roots are 2, 3, 5. 


Exercises 

Find the roots of the following equations; 

1. a:" - 4a:® + 4x - 1 = 0 

2. X* - 5x + llx® - 13x + 6 = 0 

3. X® + X® + X + 1 = 0 

4. X® - 6x' + llx - 6 = 0 

5. X* - 4x® - 8x + 32 = 0 

6 . X* - 16x® + 86x® - 176x + 105 = 0 

7. X® - 9x® + 23x® - 9x - 18 = 0 

8 . X® + 2x® - 21x® - 22x + 40 = 0 

9. x" + 4x® - 34x® - 76x + 105 = 0 

10. x" - 8x® + 14x® + 8x - 15 = 0 

11. X® - lOx® + 2x® + 17x + 6 = 0 

12. x“ - 30x® + 34x® - 27x - 90 = 0 

13. X® - 28x + 48 = 0 

14. X® + 2x® - 23x - 60 = 0 

15. X* - 25x® + 60x - 36 = 0 
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16. a:® - 17a:^ -f 12a;® + 52a; - 48 = 0 

17. - 41a:® - 84a;® + 148a + 336 = 0 

18. X® - 14x^ + 49x® - 36 = 0 

19. X* - 30x^ -h 129x® - 100 = 0 

20. X® - 39x® + 399x* - 1261x® + 900 = 0 

21. 6x® - 17x® - 5x + 6 = 0 

22. 2x® + 13x® + 17x + 12 = 0 

23. 3x® - 40x® + 133x - 40 = 0 

24. 3x® - 37x® 4- lOOx + 84 = 0 

25. 6x® - 43x® + 71x - 30 = 0 

26. 3x® - 35x® + 112x - 60 = 0 

5.9 Newton’s method of divisors. Let r be an integral root of 

ci{iX + axx^ ^ 4" a^x^ ^ . -j_ + On—ix + an = 0. (6) 

Then (6) is exactly divisible by a; — r. Let the quotient be 
box"-® + bix"-® + b^x"-® + • • • + b„_2X + b„_i. 

The method of synthetic division showed us that 

do = 6o) 0,1 — fci = — rbo, — 62 = — rhu • • 

(7) 

On— I bn—1 rhn—2j 0>n — 

By theorem VIII, an is exactly divisible by r. This is also seen 
from the last of equation (7), the quotient being --bn-i. The 
work for the synthetic division was arranged as follows; 

do + di + a2 + • ■ ■ + On-2 + dn-l + On |_r 

rbo + rbi + • • • + rhns + rbn-i + rhn^i (8) 

feo + bl + ^2 + ' • * + bn-2 + bn-1 

Let US rearrange the tabular scheme in (8) in this way: 

do + di + a2 4“ 4" dn~2 4” dn-l 4" On 

— bo — bl — 62 4 - ~ bn-2 — bn-1 ( 9 ) 

Q _ rhn~z — rb„_2 

In (8) the work progresses from left to right. 

In (9) the work progresses from right to left. 

In (8) at each step a multiplication is performed. 

In (9) at each step a division is performed. 
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By equations (7) an ^ r — — bn-i* Place — 6 „-^i under a^-i. 
Then by (7) an-i — hn-i = — rb„_ 2 . Divide —rhn -2 by r and 
place the quotient '- 671-2 under an- 2 . Then by (7) an -2 — hn -2 = 
— rhn^. Continue in this manner. The result of the last divi- 
sion must be —60 == If r is a root, each number that 

appears below the line in (9) must be exactly divisible by r. If 
below the line in (9) there turns up a number which is not exactly 
divisible by r, we know that r is not a root and the computation 
with respect to r stops at that point. 

Example. Find the integral roots of — 2x — 13x^ + 38a: ~ 
24 = 0. The integral divisors of 24 are dzl, ±2, ±3, ±4, db6, 
zh8, ±12, ±24. 

Try X = 24: 

1 - 2 - 13 + 38 - 24|^ 

- 1 

+ 37 

24 is rejected, since 37 is not divisible by 24. 

Try X = 12: 

1 - 2 - 13 + 38 - 241 12 
+ 3—2 — 

-10 + 36 

12 is rejected, since —10 is not divisible by 12. 

Try a: = 6 : 

1 - 2 - 13 + 38 - 24[6 

- 4 

+ 34 

6 is rejected, since 34 is not divisible by 6. 

Try a: = 4: 

1 - 2 - 13 + 38 - 24| 4 

+ 8-6 

- 5 + 32 

4 is rejected, since —5 is not divisible by 4. 

Try a: = 3 : 

1 - 2 - 13 + 38 - 24| 3 
-1-1 + 1 0 - 8 ^ 

0 - 3 - 3 +'30 
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3 is a root. We now have to solve the cubic 
X -H / - lOx + 8 = 0. 

The factors of 8 are ±1, ±2, ±4, ±8. +4 has already been 

tried and rejected. 

Try a; = 8: 

1 + 1 - 10 + SjS 

1 

- 9 

8 is rejected, since —9 is not divisible by 8. 

Try X = 2: 

1 + 1 - 10 + 8[2 
-1 - 3 + 4 
0-2-6 

+2 is a root. We now have to solve a:^ + 3a: — 4 = 0. 

The roots of this quadratic are —4, +1. 

The roots of the given quartic are then —4, 1, 2, 3. 

Exercises 

Find the integral roots of the following equations. 

1. x* + x^ - 2x^ + 4a; - 24 = 0 

2. a:^ - 2a:^ - 19a:^ + 68a: - 60 = 0 

3. x^ - 15a;^ + 74a: - 120 = 0 

4. a:® - lOa:^ + a: + 120 = 0 

5. x^ - 11a:' + 6x' + 184a: - 320 = 0 

6. a:^ - 99a:' + 130a: + 1200 = 0 

7. X - 85a' + 324 = 0 

8. a* + a:' — 63x' — 64x — 64 = 0 

9. X - 15a' + 63a' - 62a + 48 = 0 

10. a‘ - 5a' + 16a' - 50a + 60 = 0 

11. X - 143a' - 144 = 0 

12. X - 32a' - 144 = 0 

13. X - 106a' -H 600 = 0 

14. X - 73a' + 576 = 0 

15. a* - 27a' + 14a 120 = 0 

16. a* - 9a' + 148a - 240 = 0 

17. 5a* - 43a' + 684a - 1296 = 0 

18. a' + 5a* — 13a' — 65a" + 36a + 180 = 0 

19. a' - 5a* - 37a' + 185a' + 36a - 180 = 0 

20. a' - 3a* - 39a' 4- 104a' + 108a 4 144 = 0 
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6.10 Method of limiting the number of divisors. If r is a root 
of f{x) = 0, then/(x) is exactly divisible by a; — r, that is 

f(x) ^ (x - r)Q(x). 

This equation is true for every value of x. Give to x the integral 
value a, then 

f(a) = (a - r)Q(a). 

In other words, if r is a root of f{x) = 0, where f{x) has integral 
coefficients j then f(a) is exactly divisible by a — r or r — a. 

In particular, if a = 4-1 or —1, we have 

/(I) = (1 - r)Q(l) 

/(~1) = (-1 - r)Q(-l). 

It is easy to compute /(I) and /(—I). Do this. Then if r is a 
root of f{x) == 0, /(I) is exactly divisible by r — 1. Also if r is a 
root of f{x) = 0, /( — I) is exactly divisible by r + \, 

Example: Find the integral roots of 

x^ - 23x^ + leOa:^ - 281x - 257a; - 440 = 0. 

The factors of 440 are ±1, ±2, ±4, ±5, ±8, ±10, ±11, ±20, 
±22, ±40, ±44, ±55, ±88, ±110, ±220, ±440. 

We have 

/(I) = ^840, and /(-I) = -648. 

We exclude all of the above divisors, which, when diminished 
by 1, do not divide 840. This leaves out ±440, ±220, ±110, 
±88, ±55, ±44, ±40, — 22, 4-20, ±10, — 8. 

We omit all of the above divisors, which, when increased by 1 , 
do not divide 648. This gives us as additional exclusions +22, 
-20, —11, +4, and we have left only ±1, ±2, ±5, 8, 11, —4. 

We find that 5, 8, 11 are roots and the resulting quotient is 
a:^ + a; + 1. Hence the given equation is equivalent to 

(x - 5) (a: — 8)(a; — ll)(a:^ + a: + 1) = 0, 
and the only integral roots are 5, 8, 11. 

Exercises 

Find the integral roots of the following equations. 

\. x" - 29a-^ - 31i + Six'* - 32x + 60 = 0 
2. x"" - ’lx' - I5x' - I2x^ + 44a: + 80 = 0 
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3. x' - 11a:' + 16a:' + 54a: + 80 = 0 

4. a:" + 2a' - 27x' - 28a - 60 = 0 

5. a' - 14a' + 67a' - 96a' +■ 212a - 160 = 0 

6. a' - 18a' + 89a' - 106a' + 174a - 140 = 0 

7. a* - 11a' - 28a' + 260a + 528 = 0 

8. a' - 61a' + 900 = 0 

9. a' - 27a' + 42a' + 200 = 0 

10. a® + 7a' - 22a' - 238a' - ISSa^ + 1575a + 2700 = 0 

6.11 Theorem IX. If an algebraic equation ^ all of whose coeffi- 

cients are integers, 

aox” + + . . . + an^ix + = 0 (oo > 0 , 5*^ 0 ), ( 10 ) 

has a rational root p/q, where p and q are integers which have no 
common divisor other than unity, then p is an exact divisor of an, 
and. q is an exact divisor of ao. 

In (10) put X = p/q and multiply by q"". We find 

Oop” + Uip” -f. . . . + an^ipq”' ^ = 0, 

which may be written either 

p(aop^ ^ + Clip” + * * • + ^) = "^dnq^, (11) 

or 

g(oip” ^ + 4" On^ipq^ ^ + anq^ ^) = —aop”- (12) 

Equation (11) shows plainly that p is a factor of the left-hand 
member; hence p must be a factor of the right-hand member. 
But by hypothesis p and q have no common factor other than 
unity. Then p and can have no common factor other than 
unity. But p must be a factor of the right-hand side. Therefore 
p must be a factor of In like manner from (12) we can prove 
that q must be a factor of ao. 

If one multiplies (10) by aS~^ and then makes the substitution 
y = oqx, (10) will be changed to an equation in y in which the 
coefficient of y” is plus one. If a„ = 1, try the substitution 
y = lA- 


Exercises 

Find all of the rational roots of the following equations. 

1. -h 7a:" - 9:r 4- 2 - 0 

2. 4a:' - 13a:' + 9 = 0 
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3. — 19a: — 6 = 0 

4. 4a:' - 17a:' + 9a: + 18 = 0 

5. 3a:' + 7a:' - 7a: - 3 = 0 

6. 4a:' - 20a:' + 23a:' + 5a: - 6 = 0 

7. 2x' — 9x' + 6x' + llx — 6 = 0 

8. 12x' + 4x' - 53x + 30 = 0 

9. 6x' + 5x' - 29x' - 20x + 20 = 0 

10. 12x' - 4x' - 3x + 1 = 0 

11. 36x® - 36x' - 13x' + 13x' + x - 1 = 0 

6.12 Determination, of multiple roots. If /(x) = (x — r)”*<#i(x) 
[<p(r) ^ 0], then r is said to be a root of f(x) of multiplicity 
(order) m: that is, by definition, r occurs as a root m times. 

If Ti, Ti, ■ ■ • jTn are the roots of /(x) = 0, then 

/(x) s (a: - ri)(x - r 2 ) • • • (x - r„), 

and 

/(A + x) s (A + a: - ri)(A + x - rj) • • • (A + x - r„). 

By Taylor’s theorem, §4.3, we have 

/(A + x) = fix) + /(x)A + A' + • • • + A". (13) 


The coefficient of h in these two expressions for jQi + x) must 
be identical, and so 

f{x) = {x - r^){x - rs) • • • (a: - r^) 


+ (x - ri){x -- rs) ■ • ■ (x - Tn) + • • • 

+ (X - ri)(x - r2) ■ - (X - Tn-i), 


where the right-hand member is the sum of n terms, each the 
product of n — 1 linear factors x — r*. 

This value of /'(x), for x not a root, may be written 


fix) 


/w ^ ,/w_. /w.. 

X — n X — Ti X — rf 


( 14 ) 


If the factor (x — ri)"” occurs in /(x), i.e., if ri = r 2 = • • • = 
we have 


/(a:) = + ^ ./W . 

X - ri X — X - Tn 
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Each term in the right-hand member of this equation will have 
{x — as a factor, except the first, which will have {x — 
as a factor; hence {x — but not {x — is a factor of 

f{x). Thus we have proved the following: 


Theorem X: A multiple root of order m of f(x) = 0 is a multiple 
root of order m — 1 of the first derived equation f{x) = 0, and so 
f{x) andf{x) have the common factor {x — 

Corollary I. Any root which occurs m times in f{x) =0 occurs 
in degrees of multiplicity diminishing hy unity in the first m — 1 
derived functions. 

Corollary IL r is a root of order m of f(x) = 0, if and only if 
fir) = fir) = . . . = /'”-«(r) = 0, hut ^ 0. 

In (13) replace xhy r and hhy x — r; then (13) becomes 


fix) = fir) + fir)ix -r) + ■■■ 

^ (x-r)’^+ ■■■ +ix- r)". 


(15) 


From this form of fx) it is clear that, if 


fir) = fir) = ... = f’^^\r) = 0, but/‘”'(r) 0, 


{x — r)"^ is a factor of f{x) and r is a root of multiplicity m. 

lifir) = fir) = ... = f’^~‘\r) = 0 but/‘”~‘+«(r) 5 ^ 0, s > 1, 
then {x — r)“ is a factor of fix), but {x — r)” is not a factor 
and so the root r does not have the multiplicity m. 

Let us now suppose that {x — r)””’ is a common factor of fx) 
and fix) but that {x — r)“ is not a common factor, m > 1. In 
(15) replace /(a:) hy fix) and /“’(a;) hy f‘'^^\x); then 


fix) = fir) +f"ir)ix — r)+ ■■■ 


f ”'\r) 
|m — 1 


(x — r)” ’ 


+ •(!!!!« 

\m 


(x — r)”' + 


(16) 


Since ix — r)”“* is a factor of fix), from (16) we have 
f(r') = fir) = ... = f"^~^\r) = 0. Since x — r is a factor of 
fix), we must have/(r) = 0. From (15)/(a:) has the factor (x — r)™, 
which by hypothesis is not a factor of fix). It follows that in 
(16) /‘“'(r) ^ 0. Hence r is a root of fx) = 0 of order m. 

This completes the proof of the following theorem: 
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Theorem XI: If f{x) aridfix) have a H,C,F.jWhichis not a mere 
constant, this H.C.F. will be a polynomial [which may be designated 
by d{x)]. Any root of f(x) = 0 of order m > 1 will be a root of 
f(x) = 0 0 / order m — 1 and hence a root of d(x) = 0 of order 
m — 1; conversely, any root of d{x) = 0 of order m — 1 is a root 
of f'{^) = 0 of order m — 1 and hence a root of f{x) = 0 of order m. 

In order, therefore, to find whether any proposed equation has 
equal roots and to determine such roots when they exist, we deter- 
mine the H.C.F. of f{x) and /'(a;). If this H.C.F. is not a mere 
constant, let it be designated by d{x). Determine the roots of 
d{x) = 0 and the multiplicity of each. 

Example. Find the multiple roots of — 8:r + 12 = 0. 

TheH.C.F. off{x) -= x^ - x" - 8x + 12 and fix) == 3x^ - 2x - S 
is X — 2. Hence (x — 2f is a factor of fix). The other factor 
is X + Z, and the roots of the given equation are 2, 2, —3. 

Exercises 

Find the multiple roots of the following equations: 

1. - 2a:^ - + 8a; - 4 = 0 

2. a;^ + a;^ — a; ~ 1 =0 

3. a;' - a;' - a; + 1 = 0 

4. a;'^ + 5a;^ + 8a; + 4 = 0 

5. a:' + 2a;' + 5a;' 8a; + 4 = 0 

6. a;' + 2a;' - 2a; 1 - 0 

7. a:' + 5a;' + 6a;' - 4a; - 8 = 0 

8. x^ — 9a;' — 4a; + 12 = 0 

9. - 9x' + 4a; + 12 = 0 

10. a;' - 2a;' - 11a:' + 12a; + 36 = C 

11. x' + 3x' - 7x' - 15x + 18 = 0 

12. x^ - 2x' - 12x' +■ 18x + 27 = 0 

13. x' + x'^ — X — 2x — x'-hx + l = 0 

14. X - xN~ 2x' - 2x' + X - 1 = 0 

15. x' - 2x' - 6x' + 8x' + 9x + 2 = 0 

16. x' + - 5x^ ~ 6x' + 3x' + 9x + 9 = 0 

17. Show that the equation x"* — a” = 0 cannot have equal 
roots. 

18. Determine the condition that the cubic x' + ZHx + G = 0 
should have two equal roots. 
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6.13 Rollers theorem* for polynomials. Between two consecu- 
tive real roots a and h of f(x) = 0 there is at least one real root of 
fix) = 0 . 

Let the curve in the figure be the graph of 2/ = f{x). The real 
roots of f(x) = 0 are the x coordinates of the points where the 
curve crosses the a;~axis, namely the points P, Q, P, S (Fig. 19). 
At P there is a double root of f(x) = 0. Both f{x) and f(x) are 
polynomials and hence are continuous functions of the variable x. 
The continuity of f{x) assures us that the tangent line to the 
curve turns continuously about the point of tangency as the point 
of tangency travels along the curve. 

As X increases from a to 6, /(a:), varying continuously from 
f(a) = 0 to f{b) = 0, must either begin by decreasing and then 



increasing, as from P to Q, or must begin by increasing and then 
decreasing, as from Q to P; or f(x) may decrease and then increase 
(increase and then decrease) several times between a and b, as in 
Fig. 19 between R and S, Then fix) must have at least one 


* For the general case of real variables, this theorem is stated as follows : 
If f(x) and f'{x) are continuous in an interval (a, h) and f{a) == f(h) = 0, 
then = 0 for some xi, where o < xi < 6. The necessity for these 

conditions is illustrated by the following diagrams. 



f{x) not continuous 


f{x) continuous 
f{x) not continuous 
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maximum or minimum between a and b. In the figure there is a 
minimum at A between P and Q] a maximum at B between Q 
and R; and a minimum at C, a maximum at D, a minimum at E, 
between R and S. The value a of x for which a maximum 
(minimum) of f{x) occurs is a real root of f(x) = 0, since the 
slope of the tangent line at a maximum or minimum is zero. 

In the figure there is one real root of f(x) = 0 between P and Q, 
and one real root between Q and R. There are three real roots 
of f'(x) = 0 between R and S; these roots are the x-coordi nates 
of the points C, D, E. From the figure it appears that the number 
of real roots of fix) = 0 between any two consecutive real roots 
of f{x) = 0 is always odd, multiple roots being counted with the 
proper multiplicity. 

Corollary I: Between two consecutive real roots a and ^ of f'{x) = 0, 
there cannot he more than one real root of f(x) = 0. 

For, if f{x) = 0 had two real roots a and h, between a, and /3, 
then by Rolle’s theorem f{x) = 0 would have a real root 7 be- 
tween a and b. But then f(x) = 0 would have a real root 7 
between a and 13 which is contrary to the hypothesis that a and 
are consecutive roots. 

Corollary II: Not more than one real root of f(x) = 0 is greater 
than the greatest real root of f'{x) = 0; and not more than one real 
root of fix) = 0 is less than the smallest real root of f{x) = 0. 

For, if fix) — 0 had two real roots a and b greater (less) than 
the greatest (smallest*) real root a of fix) = 0, then by Rolle’s 
theorem /' (2:) = 0 would have a real root y > ai< a) between 
a and b, which is contrary to the hypothesis that a is the greatest 
(smallest) real root of fix) = 0. 

Example, Locate the roots of x — + 9x — 2 = 0. 

fix) — X -f- 9x — 2 

\fix) = - 4x + 3. 

The roots of fix) = 0 are 1 and 3. 

/(-^) < 0; /(I) = 2; f(3) = -2; /(+a)) > 0. 

Hence there is one root less than 1, one root greater than 3, and 
one root between 1 and 3. Since /(O) = —2 and /(I) = 2, the 


The reader must keep in mind that —5 is smaller than — ] . 



5 . 13 ] THEOREMS ON ROOTS OF AN EQUATION 79 


root less than 1 is between 0 and 1. Since/(4) = 2 and/(3) = —2, 
the root greater than 3 is between 3 and 4. 

Exercises 

Locate the roots of 

1. 2x’ - + 36a: - 27 = 0 

2. 2x^ - 21a;' + 60a: - 40 = 0 

3. x' - 12x' + 36x - 16 = 0 

4. 3x* - 8x® - 6x' + 24x - 10 = 0 

5. 3x' - 4x® - 24x' + 48x - 20 = 0 

6. 3x' - 60x' + 135x + 10 = 0 

7. 3x® - 25x^ + 60x + 25 = 0 

8. x‘ - 56x' + 192x - 150 = 0 

9. Show that -{■ — lOx + 9 = 0 has two roots between 

1 and 2. 



Ceapteb VI 

TRANSFORMATION OF EQUATIONS 

6.1 Introduction. We have learned something about how to 
find the rational roots of an equation. However, we have not 
considered the matter of finding the real irrational roots. 

Sometimes the solution of an equation is facilitated by trans- 
forming it into another equation whose roots are related to the 
roots of the given equation in some specified manner. The 
transformations given in this chapter will assist us in finding 
rational roots and real irrational roots. We shall make use of the 
following transformation of 

f{x) = OoS:” + Ul*” ^ + ■ • • + On-lX -f o„ = 0 (uo > 0). 

If in f(x) = 0 we put x = —y, we obtain an equation in y 
whose roots are those of f{x) = 0 with their signs changed. This 
transformation enables us to find the negative roots of a given 
equation by finding the positive roots of the transformed equation. 

If in f(x) = 0 we put x = y/m, we obtain an equation in y 
whose roots are those of f{x) = 0, each multiplied by m. This 
transformation enables us to find the rational roots of a given 
equation by finding first the integral roots of the transformed 
equation. 

If in f(x) = 0 we put a: = y -h h, we obtain an equation in y 
whose roots are those of f{x) = 0 each diminished by h. This 
transformation enables us to find for a given equation a root bfi- 
tween h and h -f 1 by first finding the corresponding root of the 
transformed equation that is between 0 and 1. The labor of 
computing the roots is much reduced as will be seen when we 
come to the solution by Horner’.s method, given in a later ehapler. 

If in/( 2 :) = 0, with/(0) 0, we puta: = -, we obtain an equation 

y 

in y who.se roots are the reciprocals of those of f{x) = 0. This 
is of use in finding rational roots of an equation in which the 
constant term is unity and the coefficient of the term of highest 
degree is an integer greater than one. 

80 
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The transformation that is applied to a reciprocal equation of 
even degree enables us to replace the given equation by another 
whose degree is half that of the given equation. The solutions of 
the transformed equation together with that of a quadratic furnish 
the solutions of the given equation. 

6.2 Transformations. 1. To transform an equation into 
another whose roots are those of the given equation with their sigm 
changed: 

Let the roots of the given equation be ri, rs, • • • , r^. Then 
aox^ + aix^ ^ -f. . . . an-ix + an 

= ooix - ri)(:r - r2) • • • (a; - rn). 

Putting X = have 

^o(— 2/)” -f Ci(-"2/)” ^ + * • • + + O'n 

= aoi-y - ri)i-y - rg) • * • (-y ~ 
Whether n is odd or even, this simplifies into 
aoy^ — aiy^ ^ + a^y^ ^ 4 . 

= a^iy + ri){y + ^ 2 ) • • • (y + Vn) = 0. 

The roots of this last equation are — n, —r 2 , • * • , —rn. 

We have, therefore, the following rule; 

Rule— In order to form an equation whose roots are the roots of a 
given equation with their signs changed^ change the sign of the coeffi- 
cient of every other term beginning with the coefficient of x‘^~\ Ij 
any power of x is missing it is here regarded as supplied with a zero 
coefficient 

2. To transform an equation into another whose roots are those of 
the given equation, each multiplied by a given constant m: 

Let the roots of the given equation be n, r 2 , • • « , rn. Then 

UqX^ H" ^ ^ "b • • • + Un-lX + Un 

= aoix - ri){x - r 2 ) {x - rn). 


Put X = y/m. We have 
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Multiply both sides of the last equation by m\ We have 

ao2/” + aimy‘^~^ + a2m^y'^~^ ^ ^ an-irri'~~^y + Unw” 

= a^iy — mri)( 2 / — mri) • • • (y — mrn) = 0. 

The roots of this last equation are mri, mr2, - • • , mrn. 

We have, therefore, the following rule: 

Rule. — In order to form an equation whose roots are m times the 
roots of a given equation, multiply the successive coefficients begin- 
ning with the coefficient of by m, • • • , m” respectively. Ij 
any power of x is missing, it is here regarded as supplied with a 
zero coefficient. 

Exercises 

Form equations whose roots are the roots of the following equa- 
tions with their signs changed. 

1. rc' - - 4a; + 3 = 0 8. 5a;' - 3x^ + x" - 7 0 

2. a:^ -b 2a; ~ 7 = 0 9. 7a;‘' - 4a;' + 5a:" + 3a; - 2 = 0 

3. a:' + 1 = 0 10. a-' -a:" + a;-3 = 0 

4. -4x' -f- 2a;" - 3a: - 5 = 0 11. Sx' - 5x' + 7x - 5 = 0 

5. 2x^ -b 3a;" - 7 == 0 12. 2a:' - 3a;' + 5a;" -6 = 0 

6. 3a;' — 4a;' -b 2x — 5 = 0 

7. a;' - a:' + 2a;' - 3a:" -b 5a; - 4 = 0 

Obtain equations who.se roots are equal to the roots of the fol- 
lowing equations multiplied by the number placed opposite. 


13. 5a;' - a;" + 3a: - 1 = 0 (2) 

14. 2a;' - 3a;' -b 5x - 6 = 0 (2) 

15. 3a;' - a;' -b a;" - 2a; -b 1 =0 (3) 

16. a;' - 2a:" + 5 = 0 (-2) 

17. a;' + a:" + a: + 1 =0 (4) 

18. 3a;' + 5^' + 7a; - 2 = 0 (-1) 

19. 2a;' - 3a:" - a; + 1 =0 (4) 

20. 5a;' + 3a;" + + 2 = 0 (5) 

21. a;® + a: + 1 =0 (2) 

22. 3a;' + 5a;" -1=0 (3) 


Obtain equatioiis whose roots are the roots of the following 
equations multiplied by the smallest positive value of 771 which 
will make the coefficients of the resulting equation integers when 
the coefficient of the highest power of a; is + 1 . 
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23. 5:3;^ + + 2a: — 4 = 0 

24. ^ + I = 0 

25. 3a:" - 5a:' + 2a: - 1 = 0 

26. a:' + |a:^ — Ja: + I = 0 

27. a:" ~ fa:^ + — | = 0 

28. X — \x — 3 -|- 5 - = 0 

29. 4a:" H- 3a:' H- 2iX^ H- a: H- 1 = 0 

30. 2a:" - 5a:^ + 3a: -- 4 = 0 

31. x^ ~ §a:" + fa:' + — ^ = 0 

32. X -^a: + -^-^x — xlr “ 0 

33. X — \x + -g-^a: + ~ ^ 

6.3 To transform an equation into another whose roots are the 
reciprocals of the roots of the given equation : 

Let the roots of the given equation be ri, ^ 2 , • • • , rn. Then 

0.(^X “F CllX^ ^ -j- . . . an-lX Hh Un 


= ao(a: - ri)(a: — r 2 ) • * • (a: - r«). (oo, an 9^ 0 ) 


Put X 


y 


We have 


?? _|_ O'l _|_ 

yn yn-l 


, an—1 I 

H + an 


= p (1 — riJ/)(l — r^y) • • • (1 - rny) 

= fi _ J/Vi _ . /i _ 2^^ 

2 /" \n Vn ) 


since 


— = (—1) nr 2 • * • r„. 
ao 


Whence, multiplying by y^, we have 
+ an-iy^ ^ + • • • -h aiy + ao 


= Gn 
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Thus we see that if in the given equation we replace ^ by - and 

multiply by the resulting polynomial in y equated to zero 
will have for roots the reciprocals of the roots of the given equation. 

Exercises 

Obtain the equations whose roots are the reciprocals of the roots 
of the following equations. 

1. a:' + 2x + 1 = 0 7. 5a:" - 7a:® + 7a: - 5 = 0 

2. a:® + 1 = 0 8. X® + a:' + 3x® + a: + 1 = 0 

3. 3x* + 5x® - 7x + 4 = 0 9. x® + 3x® - 7x + 5 = 0 

4. 2x" - 3x® - 5x + 7 = 0 10. 3x" + 5x® - 5x - 3 = 0 

5. 2x" - 5x® - 5x + 2 = 0 

6. 2x® - 3x" + 6x® + 6x® - 3x + 2 = 0 

6.4 To transform an equation into another whose roots are 
those of the given equation diminished (increased) by a constant h. 
In the given equation 

CLqX'^ + (XiX'^ ^ + • • • + (Xn-^iX + = 0 (flo ^ 0), (1) 

put X = y -{■ h. The resulting equation in y will have roots less 
or greater by | A | than the roots of the given equation according 
as h is positive or negative. We now have 

o>Q{y + A)^ + diiy + A)” ^ -f • • • + (Xn-\{y + A) + an = 0. 

Expanding the binomial powers and arranging in powers of y, 
we represent the transformed equation in y by 

+ A\y^ ^ + • • • ■+" An-iy + An = 0 (Ao = Oo 0). 

Since y = x -- h, this is equivalent to 

Aq{x — A)” + Ai{x ~ A)" ^ -f • • • + An-i(3: — A) + An = 0, 

which must be identical with the given equation (1). Now 

Ao{x A) -h Ai{x A) 4" * • • 4" An~i{x — A) 4‘ An 

= [Ao(x — A)” ^ + Ai(a: — A)” ^4- • • • 4- A„_i] (x — A) 4" An. 

This shows that if we divide the left member of (1) by x — A, 
the remainder is A„. If we divide the quotient by x — A, the 
remainder is A„_i. Dividing this second quotient by x — A, the 
remainder is An- 2 . Continuing in this way Ao = oo is the last 
quotient and Ai the last remainder. We have, therefore, the 
following rule. 
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Rule. — In order to Jorm the equation whose roots are the roots of a 
given equation each diminished by h, divide the given equation by 
X ~ h and denote the remainder by An. Divide ike quotient by 
X — hj and denote the remainder by An^i, Continue this process to 
n divisions. The last quotient^ Ao, and the remainders, Ai, A2, • • ' , 
An, are the coefficients of the transformed equation which is then 

Aoy” + Aiy^ ^ + A22/” ^ + • • • + An^iy + An = 0 (Ao = oq). 

Example 1. Form an equation whose roots are the roots of 

3x^ - 4x' - 5a:" + a: + 7 = 0 


each diminished by 2. Use synthetic division. Divide by — 2. 

3 — 4—. 5-|. l-|-7j2 
6 + 4 - 2 - 2 ~ 


3 

+ 

2 

— 

1 

- 1 

+ 5 

A, = 

5 


+ 

6 

+ 

16 

+ 30 




3 

+ 

8 

+ 

16 

+ 2 £ 


43 = 

29 


+ 

6 

+ 

28 





3 

+ 

14 


43 



A, = 

43 


+ 

61 







3 

+ 

20 





Ai = 

20 


+ 20t/" + 43x/" + 29^/ + 5 = 0 is the required equation. 
Example 2. Form an equation whose roots are the roots of 
4a:^ — 5a;" + a; + 7 = 0 each increased by 2. To increase 
a root by 2 is the same as diminishing the roots by -”2. Divide 
by X + 2. 


3-4-5+ 1 + 7 |-2 

- 6 + 20 - 30 + 58 


3-10+15 
- 6 + 32 

- 29 

- 94| 

+ 65 

3-16 + 47 
- 6 + 44 

- 123 


3-22 
- 6 | 

+ 91 




3-28 


A 4 = 65 

As = -123 
As = 91 

Ai = -28 


3t/* — 282/^ + 912/“ — 1232/ + 65 = 0 is the required equation. 
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Exercises 

Obtain equations whose roots are the roots of the following 
equations diminished by the number opposite. 


1. - 17x + 11 = 0 (4) 

2. x^ + 4/ - a:" + 11 = 0 (3) 

3. 4a:® - 2a;® + 7x - 3 = 0 (-2) 

4. 3x® + 7x® - 15x® + X - 2 = 0 (-7) 

5. 2x^ + 3x® + 4x® - 5x - 4 = 0 (1) 

6. x' - 2x® - 3x® + 8x - 4 = 0 (1) 

7. X® - 8x® + 14x® - 3x + 2 = 0 (2) 

8. x' - 12x® + 25x® + 7x + 2 = 0 (3) 

9. X® - 15x® + 48x + 8 = 0 (5) 

10. X® - 9x® 4- 15x + 6 = 0 (3) 

11. x' - 5x® + 6x® - 3x + 8 = 0 (2) 


6.5 Removal of the term aix" \ The transformation 

X = y — ^ will remove the term of degree n — 1. For, let 
nao 

us put X = y + b in 

OqX”' + aiX^ ^ . -j- an^lX + Un = 0 {do > 0). 

The transformed equation in y is 

aoy^ + (naob + ai)y^ ^ + • • • =0. 


The term containing y" ^ will be absent if 6 = . 

noa 

Example. Let us remove the second degree term from 
x"^ + dx^ +x — 2 = 0. Putting x = y — = ?/ — 2, we have 

(y - 2)® + 6(2/ - 2)® + (2/ - 2) - 2 s 2/' - Hy + 12 = 0. 

Exercises 

Remove the term which is of degree less by one than that of 
the term of highest degree. 

1. + 12x' + X - 100 = 0 

2. — 8x — 4 = 0 

3. — hx"* + 7 = 0 

4. x' - 8x' + 64x - 70 = 0 

5. — 3x" + 3x — 2 = 0 

0. — 4x'^ + 6x^ — 4x — 11 =0 
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7. X + ix" + &x^ + 5x + Z = 0 

8. X* - 8a:’ + - 8x + 3 = 0 

9. x’ - 5x‘ + 4x’ + 3x^ - 3x + 2 = 0 

10. x’ - lOx" + 40x’ - 50x’ + 6x - 4 = 0 

6.6 Reciprocal equations. Reciprocal equations are those 
that remain unaltered when x is changed into its reciprocal. These 
equations are usually divided into two classes. 

(I) . In the first class 

CLq " CLn} 0^1 ^n— Ij ^2 CLn — 2) * * * j Un — 1 ~ 

an = cto (ao ^ 0). 

Here the coeflicients of the corresponding terms taken from the 
beginning and end are equal in magnitude and have the same 
sign. 

(II) . In the second class 

Uo = <2nj a\ == cin— Ij ~ CEn— 2? * * ' (<^0 5^ 0)- 

Here the coeflSicients of the corresponding terms taken from the 
beginning and end are equal in magnitude but different in sign. 
Notice that in this case when the degree of the equation is even 
(n = 2m), one of the conditions becomes am = —otm, or Om = 0. 
Thus the middle term is absent. 

If r is a root of a reciprocal equation, - must also be a root, 

r 

since it is a root of the transformed equation, and the transformed 
equation is identical with the given equation; hence the roots of a 

reciprocal equation occur in pairs; n, — ; n, etc. When the 

Vi r2 

degree is odd, there must be a root which is its own reciprocal. 
Hence —1 or +1 is then a root, and every root of a reciprocal 
equation is either its own reciprocal, namely +1 or —1, or is 
paired with its distinct reciprocal. 

When the degree is odd, we can divide the original equation by 
the known factor (a: + 1 or a; — 1), and the quotient is a reciprocal 
equation of even degree and of the first class. In equations of 
the second class of even degree, — 1 is a factor, since the equa- 
tion may be written in the form 

(a:” - 1) + pix(x^"" ^ 1) + . . . = 0. 
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By dividing hy — 1, this is reducible to a reciprocal equation 
of the first class of even degree. 

6.7 Solution of reciprocal equations. In the previous article 
we showed that the discussion of every reciprocal equation can be 
reduced to that of a reciprocal equation of even degree in which 
the coeflBlcients counting from the beginning and end are equal 
with the same sign. This is said to be the standard form. We 
now proceed to prove that a reciprocal equation of the standard 
form can always he reduced to another equation whose degree is half 
that of the given reciprocal equation. 

Consider the equation 

^ + • • • + OjnX^ -j- . . . + Oo = 0, (Oq 9^ 0). 

Divide by x”" and unite terms equally distant from the ends. 
We find 

a; + “^ + a»t = 0. 

We have the identity 


"i” 


-( 


for every integral value of p > 0. If we put z ^ = z and let 
+ -- be represented by Vp, this identity becomes 


Fp-j-i VpZ Fp—i. 

Give p in succession the values 1, 2, 3, etc. We have 
V, = Viz ^ Fo = / - 2, 

Fa - V 2 Z Fi - 3^, 

Vi = Vsz -- Fj - 2 ' - 4z^ + 2, 

Ffe = ViZ — Fa = 2 ^ — 5z^ + 52, 

and 80 on. 

Substituting these values in the above equation, we obtain an 
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equation of degree m in z. From the values of 2 those of x can 
be obtained by solving a quadratic. 

Example. Find the roots of the equation 

a:“ - 3a;* + 5a;' - 5x' + 3x* - 1 = 0. 

Dividing by x* — 1, we have the reciprocal equation 

X® - 2x' + 3x® - 2x® + 1 => 0, (a) 

or 

In terms of z this becomes 


( 2 * - 42® + 2) - 2(2® - 2) + 3 = 0, 
or 2 ' — 62 ® H- 9 = 0, or ( 2 ® — 3)® = 0. 

Whence 


2 ±\/l, giving 


X + - — and X + - = — \/3> 

X 


and 


_ \/3 i 


and X 


_ — \/3 i t 


These roots are double roots of (a). 


Exercises 

Solve the following reciprocal equations: 

1. X* -j- X® - 4x® + X 4- 1 = 0 

2. X® - 1 = 0; x' - 1 = 0 

3. 2x' + X® - 13x' + 13x® - X - 2 = 0 

4. X® + X® - X* - 2x® - X® + X + 1 = 0 

5. 12x® - 56x® + 89x® - 56x + 12 = 0 

6. 6x* - 35x® + 62x® - 35x + 6 = 0 

7. 16x® - 136x® + 321x® - 136x® + 16 = 0 

8. 81x® - 1476x' + 6886x' - 1476x® -f 81 = 0 

9. x“ + X® + a;' - X® - X® - 1 = 0 

10. + 42/® - 3y® + 42/ + 1 = 0 

11 . 2 /® - 42/® + y® + y® - 42/ + 1 - 0 
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12 . 2y^ - 52 /' + 42 /' - 42 /' + 5 ^ - 2 = 0 

13. 6 j:' + 5x\ - 38a:' + 5x + 6 = 0 

14. x“ - 29x' + 226a:' - 226a:' + 29x' - 1 = 0 

15. a:“ - 13x' + 50x' - 50x' + 13x' -1 = 0 

16. Solve (1 + x)' = a(l + x') for a = 1, 5, 16, 45, 1/31 

17. Find the quadratic factors of x' + 1 = 0 

18. Solve (1 -f- x)' = a(l + x'). 

19. 3a:^ + lOx* + Ox^ + lOx + 3 = 0 

20. 2x‘ + 9x5 14a.2 + 9x + 2 = 0 

21. 3x‘ + 13x5 + 103.2 + 13a; + 3 = 0 

22. x® - 2x« + 3a:^ - 2x5 + 1 = 0 

23. 2x« + 5x5 + 4x5 -F 5x + 2 = 0 

24. 2x5 _j. g3;5 _|_ 103.4 ^ lg3.3 _|_ 102.2 _|. Qj; 2 = 0 

25. x® + x5 + x5 + 1 = 0 

26. x5 - 12x« + 6x5 - i 23;2 + i = q 

27. 36x5 4. i32a;5 - 47a;4 _ 3303.3 _ 473.2 4. 132;^ + 36 = 0 



Chapter VII 

CUBIC AND QUARTIC EQUATIONS 

7.1 The cubic equation. Consider the general cubic with real 
coefficients. 

+ Chx + Ck = 0 (oo > 0) (1) 

To suppose that Oo is positive is no real restriction, for if Oo were 
zero, the equation would be at most quadratic and for Oo < 0 one 
could change sign throughout. Dividing by Oo, (1) can be written 
in the form 

+ cz + d = 0 (2) 

where 

b = ffli/flo, c = Us/flO) d = (X^Jcto. 

Making the substitution x = y — h/3, we obtain the reduced 
cubic equation (with real coefficients) in which the second-degree 
term is absent: 

2/^ + P2/ + 5 = 0, (3) 

where 

h' , ^ be , 2b^ 

” = '■“3 ’"^'3 +27- 

If b had been zero at the start, this transformation would merely 
replace x by y, and the equation (2) would have been in reduced 
form. 

If in the reduced cubic (3), p = g = 0, then the three roots of 
(3) coincide, and (2) is a perfect cube. In this case no further 
discussion is necessary. 

If p = 0, but q 9 ^ 0, then (3) is in the binomial form, and may be 
solved if we find the three cube roots of —q. This case also is thus 
readily disposed of. 

If p 0, but q = 0, equation (3) has for roots, 0, ± V— P- 
The three roots of (3) and, therefore, also of (2) will then be in 
arithmetic progression. 
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There is one other special case that may be handled before 
developing any general formula for the solution of (3). This is 
the case in which (2) and hence also (3) has a repeated root, say r. 
Since in (3) the sum of the roots is zero, the roots of (3) will be r, 
r, — 2r, and (3) may be written in the form 

y" - + 2/ = 0 . 

In this case p ^ q = 2r^ so that 

A = -V - 27g' = 0. 

We shall encounter this expression A again later. In this special 
case, r = — 3g/2p, and the roots are of the form, — 3g/2p, — 3g/2p, 
dq/p. 

Save for these special cases, it is no restriction upon the problem 
to suppose that 

p 9 ^ Oj q 7 ^ 0, A = — 21 7 ^ 0. 

Let us now return to (3) and introduce two new variables A and JS, 
and their respective cube roots, Uj v, where 

— A and = B. 

Since a number has three cube roots, u and v each has three values. 
Put 

= u + v; (4) 

then y has nine values. Now a cubic has only three roots. We 
must place some restrictions on u and v so that y will have three 
and only three values. 

Substitute (4) in (3). We have 

{u + vY + pin + v) + q = 0, 

or (5) 

'u + + {Zuv -f- p){a -f- 2 ^) + ^/ = 0. 

Now lot us notal)ly simplify equation (5) by iini)Osing the condition 
on a and v that 

3uv + p — 0. (6) 


3 3 

u V = 


Then 


27* 


(7) 



7.1] 


CUBIC AND QUARTIC EQUATIONS 


93 


Because of (6), equation (5) reduces to 

4- f' = -q. (8) 

From the relations (7) and (8), ix and may be considered as the 
two roots, A and of the quadratic equation 

+ gs — ^ = 0. (9) 

The relatively trivial cases, p = 0, or g = 0, or + 27g® = 0, 
have been disposed of already. They would otherwise call for con- 
sideration here. Solving this quadratic equation, we hav# 




V? 


+ 


p3 


Hence we may set 


and 

Then 

and 

where 




( 10 ) 


( 11 ) 


1 j_ - Vs 

"--2 + *T 


and io = — - — % 


1 

’2 


2 ‘ 


From (6) the values of u and v in (4) must be paired in such a 
way that uv = —p/S. Exactly three pairs of values in (11) 
satisfy this condition: these are 


Substituting these values of u and v in (4), we obtain the three 
roots of (3), namely ___ 

yi = -\/A + 2/2 — + co^-v^J 2/3 = (12) 

This solution offers no dij05culties if A and B are real. The case 
where A and B are imaginary is taken up later in this chapter. 
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Example 1 . Solve j/® + By + 20 = 0. 

We have 

P = 6, g = 20 

whence 

'6 

2;2 — ^ = 0 becomes + 20z — 8 ^ 0. 

Then 

2;, = = - 10 + 6 V3 = 0.39230 and ?i = 0.732, 

and 

Z 2 = = --10 - Ox/s = -20.39230 and v = -2.732. 

One can verify that -w = — 1 + -y/s and y = — 1 — -y/3 serve as 

real values. The three values of u and v, respectively, are as 
follows: 

u = 0.732, 0.732a;, 0.732a)^; 

y = -2.732, -2.732C0, -2.732a;^ 

Whence 

yi = -2; ?y2 = 1 + 32; 2/3=1- 32. 

Example 2 . Solve — 62/ — 6 = 0. 

We have 

p = -6, g = -6; 
so 

2^ + = 0 becomes 2^ — 62 + 8 = 0. 

Then 

= 4 and u = ->^4 = 1.5874; 

S2 = y' = 2 and y = \/2 = 1.2599. 

Therefore we find 

y = "'^4 + \/ 2 \ a ;“\/4 4 “ ^^^2 

-= 2.8473; -1.4237 + 0.2836z; -1.4237 - 0.28367 

Exercises 

Solve the foilowinji^ cubic oquation.s: 

1. y - 3// +2 = 0 
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2. 

v\ 

— 

Qy 

- 28 = 

0 



3. 

v\ 

- 

ISy 

- 35 = 

0 




y\ 

— 

12y 

- 16 = 

0 



5 . 

V 

— 

21y 

+ 54 = 

0 



6. 

x' 

— 

I2x^ 

+ 30a; 

— 

27 = 

0 

7 . 

x' 

— 


+ 24a: 

— 

20 = 

0 

8. 

v\ 

— 

3y 

- 18 = 

0 



9 . 

v\ 

+ 

32/ 

- 14 = 

0 



10. 

y\ 

+ 

32/ 

- 36 = 

0 



11. 

y\ 

+ 

H-t 

00 

- 215 = 

= ( 

0 


12. 

y\ 

+ 

62/ 

- 20 = 

0 



13. 

x' 

+ 

Zx^ 

— 3a: 

— 

45 = 

0 

14. 

i 

X 


6x^ 

+ 10a: 

— 

8 = 

0 

15. 

x' 

— 

9x^ 

+ 28a: 


30 = 

0 

16. 

x' 

— 

Qx^ 

+ 13x 

— 

10 = 

0 

17. 

x' 

— 

6x^ 

+ 3a: 

— 

18 = 

0 

18 . 

y\ 

+ 

152/ - 

II 

! 

0 



19 . 

x' 

— 

60;^ 

+ 33a; 

— 

392 = 

= 0 

20. 

x' 

— 

15a:' 

“h 9Sx 

— 

196 = 

= 0 


7.2 Discriminant. The discriminant of any equation with real 
coefficients in which the coefficient of the highest power of the 
unknown is plus one, is defined to be the product of the squares 
of the differences of the roots. For the reduced cubic the dis- 
criminant A is 

^ = {y I - y2)\y2 - y^fivz - yif = -4p® - 27g’l 

This may be proved as follows. For convenience we repeat 
equations (12). 

yi = 's/A + 2/2 = 2/3 = ( 12 ) 

Multiply these expressions for 2/1, 2/2, 2/3 by 1, co^, a; and add. 
Multiply these expressions for 2/1, 2/2, 2/3 by 1, <0, and add. 

We obtain 

g (2/1 + w^2/2 + <^2/3) = ^ 4 + §7 

I (2/1 + c^2/2 + ^^2/3) = aJ^B = /j/~2 ~ ^ 4 

Take the difference of the cubes of these expressions. We have 
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^ [(2/1 + (2/1 + wi/2 + ^^2/3)^] = 4 / ^ "I" 

also 

^ [(2/1 + w^2/2 + ^2/3)* — (2/1 + <*^2/2 + ^*^^2/3)^] 

= (^1 ” 2/2) (2/2 - 2/3) (2/3 - 2/1) • 

Squaring and clearing of fractions, we find 

A = (2/1 2/2)^(2/2 - yzfiyz - yif = -V - 27gl (13) 

From (a), (b) and (c) we see that the irrationalities appearing in the 
solution of the cubic can be expressed rationally in terms of the 
roots. One may readily verify the following: 

A = xlxil ^ == [x2Xz{x2 — xz) + xzxi(xz — xi) + XiX2(xi — 0 : 2 )]^ 
2:2 0:2 1 = [xl(X2 - Xz) + 0:2 (2:3 Xi) + xl{xi - X2)f 

xlxzl 

= i[fe “ Xzf + (xz - Xif + (xi - X2)^]\ 

We observe also that the discriminant is expressed rationally in 
terms of the coefficients of the reduced cubic. 

The discriminant of the general cubic x^ + hx^ cx + d = 0, is 
equal to the discriminant of the reduced cubic + py + q = 0. 
This may be proved as follows. 

Since the reduced cubic is derived from the general cubic by the 

substitution x = y — the roots of the general cubic are 
o 

b b b 

a;i = 2/i-g; Xi = yi--; X3 = y3-^. 

Whence 

Xi — X2 = yi — 2 / 2 ; Xi — X3 = yi — yz; Xi — Xz = y^ - y^. 

Therefore 

(xi - Xifixi - 2;3)^(a:3 - xif = (yi - y2f{yt - Vsfiyi - yif. 

Replacing p and q by their values, namely 

6' , be ^ 26’ 

P = c-„, q = d- - + ~, 
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we have 

A = -4p' - 27g’® = mcd - + hV - 4c' - 27 d\ 

It may be noted also that the discriminant A of a:' + bx^ + cx + d 
is — 27 times the discriminant of the quadratic 

I? = 0 

used in solving the cubic. 

7.3. Nature of the roots of a cubic. 

I. If A = Q all roots are real. Two roots are equal. 

If p = 0 or q = 0, we see from (13) that the other is also, in 
which case from (10) and (12) we see that 2/i = 2/2 = ^3 = 0. 

If g 0, then from (10) A — B — — whence from (12) 

2/4 = 2/s = (to + 

and 



or in rational form, as discussed earlier, 



y^ = yz = 


2p 


II. If A < 0, one root is real and two are imaginary. 

From (10), A and B are real and distinct. Hence from (12), y\. 
is real and 2/2 and 2/3 are conjugate imaginary numbers. 


III. If A > 0, all three roots are real and distinct. 

From (10), A and B are conjugate imaginary numbers. 

Let A = a + 6^' and B ^ a — hi. 

Then and will also be conjugate imaginary numbers, 
for suitable choices of the cube roots. 

Let 

c + di and c — di (d 9^ 0). 


The three roots will be 

2/1 = (c 4- di) + (c — dt) = 2c 
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2/2 = o) (c + di) + co^(c — di) = —c — d\/3 {d 0) 

2/3 = o)^(c -f* di) T" (c — di) = — c -j- d\/3. 

If A > 0, the solution is usually obtained by trigonometric 
means. The formulas (12) present the roots in a form involving 
cube roots of imaginaries. This is called the irreducible case, 
since it can be shown that the cube root of a general complex 
number cannot be expressed in the form c + di where c and d 
involve only real radicals.* 

Exercises 

For the following equations, compute the discriminant and deter- 
mine the nature of the roots: 

1. / + 32/ + 3 = 0 6. 2/’ - 12?/ + 16 = 0 

2. 2/® - 6?/ + 3 = 0 7. 2/' - 272/ + 54 = 0 

3. 2 /' - 32/ + 1 = 0 8. x' + a:' - 5a; + 3 = 0 

4. 2 /’ - 32/ + 3 = 0 9. a;’ + a;' + 2a: + 3 = 0 

5. 2 /® - 32/ + 2 = 0 10. a:^ + 3a:' + 2x + 1 = 0 

11. Compute the discriminant for each cubic in the previous 

set of exercises. 

12. Show that for -f hx“ + cx + ri, A = 0, if and only if the 

two quadratic expressions 3/ + 2bx + c mul bx^ + 
2cx + 3d have a common factor containing x. 

7.4 Trigonometric solution of a cubic equation with A > 0. 

This is the so-called irreducible case. It is of interest that this is 
the case in which all of the roots are real. They can ho (‘(>in|)uto(l 
with the help of a table of cosines. 

From trigonometry we have the identity 

cos 30 = 4 cos^ 0 — 3 cos 0 

so that 

cos'^ 0 - f cos 0-1 cos 30 = 0. (14j 

In 

+ py + (] = 0, put y = Z/U] then 

+ pn^z + nq = 0. (15) 

* See Tv. P]. Dickson’.s Elementary Theory of Equations^ fip. 35-30, John 
Wiley & Sons, 1014. 
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Equations (14) and (15) will be identical if 

2 = cos 6; pri‘ = n\ = -J cos ZO. 

Whence 

n = V-3/(4p) 

and 

06 ) 

These equations can always be solved if p is negative, and 



This last condition reduces to — 4p^ — 27 = A > 0, and so is 
satisfied in the cases under consideration. 

If 6 is the smallest angle satisfying (16), then the values 

6 + 120° and 6 + 240° 
also satisfy it, so that the roots of the equation 

+ py + q ^ 0 


are 


~ cos dy - cos (d + 120°), 

r). n. 


- cos id + 240°) 
n 


correct to a number of decimal places depending on the tables used. 
Example. Solve 


n 


j/’ - 32/ 4- 1 = 0. 
p = -3, g = 1. 




12 


We have 

Then 

and 

cos ze = -4n*g = -| = cos 120°. 
Therefore 6 = 40°. Hence the solutions are 

2 cos 40°, 2 cos 160°, 2 cos 280° 

or 1.53208, -1.87938, 0.34730, 
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Exercises 

Solve the following cubic equations: 

1- 2/' - 2/ + I = 0 5. 2/’ - 122/ - 10 = 0 

2. 2/® - 62/ - 4 = 0 6. a:® + 9x^ + 24x + 19 = 0 

3. - 32/ - 1 = 0 7. 3a:' + 3a:^ - 3a: - 2 = 0 

4. a:' - 6a:“ - a: + 30 =0 8. a:' + 9a:" + 18a: - 10 = 0 

7.6 Graphical solution of the cubic. Every cubic, with real 
coeiSicients, has one real root. Let the cubic be 

f(x) ^ + ax^ + hx + c = 0. (A < 0) 

Let the real root be represented in Fig. 20 by OA, Draw any 
secant line through A cutting the cubic at B and C. Let D be 



the midpoint of BC. Let the ordinate DE cut the cubic in P. 
Then AP is tangent to the cubic and the imaginary roots u ± vi 
are such that u = OE and v = Vtan EAP. 

Proof. Let the roots of the cubic he r, u ± vi where r, u, v are 
real. Then 

/(x) = (x — r)(x^ — 2ux -1~ -f = 0. 

Let y = m{x — r) represent any secant through A. 

The X coordinates of the points of intersection of the secant line 
with the cubic are given by 
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X — 2ux + — m = 0; that is, by a: = ± \/m — 

The secant will be a tangent if w = v. 

The perpendicular from C upon ED is -\/m — v^j which reduces to v 
if m = 2v‘^ = 2 tan EAP. 

7.6 Solution of the quartic. It is convenient for the present 
purpose to write the quartic in the form 

+ 2px^ + + ra: + s = 0. (17) 

This may be written 

4- rx — s. (18) 

The plan of solution presented here depends upon the possibility of 
adding to both sides of this equation an expression of the second 
degree in x such that the left member will be the square of a second 
degree expression in x and the right member will be the square of a 
first degree expression in z. Since for every value of Uj 

(x^ + pa; + = X* + 2px^ + (p“ + u)x^ + pux + j, 

we see that the expression which we may add to both sides is 

(p^ + u)x^ +• pux + ^ 

Adding this expression to both sides of (18), we have 

+ I j = (p^ + w — q)x^ 4- (pu — r)a; 4- ^ s- (19) 

The left member of (19) is a perfect square for every value of u. 
It remains to determine u so that the right member is a perfect 
square. The right member will be a perfect square if u satisfies 
the following Condition derived from the condition for equal roots 
of a quadratic : 

ipu - rY - 4(p^ + - g) = 0, 

or 

— qu^ + (2pr — 4s)u 4- (4g5 -- 4p^s — Y) = 0. (20) 

This is called a reducing cubic equation for the quartic (17), for if 
we can solve (20) for iz, then for each such solution, u, (19) and 
hence (17) can be solved. , 
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Let Ui, ^t2, Uz be the roots of (20). Let one of these roots, say 
be substituted for u in (19). Then (19) can be written as follows: 

(x^ + = ifliX + 6i)^ 

Hence 

+ pa: + ™ = aix + hi (21) 

and 

+ pic + ^ = —aix — hi, (22) 

The four roots xi, X2, X3, X4 of (21) and (22) are the roots of (17). 
The quartic cannot have more than four roots. It follows that the 
four roots obtained from 

+ px -f ^ = a2a: + 62 

(23) 

2 , s U2 , 

X + pa: + “ = —o^x — 02 

or the four roots obtained from 

2 I X ,7 

X + px + — = azX + 63 

( 24 ) 

2 I I 7 

X + px + -^ = -azx - hz 

will be the same as those obtained from (21) and (22). The roots, 
however, will be paired differently. 

Example. Solve x^ + 6x^ + 15x^ + 26x -h 24 = 0. 

Equation (20) becomes — 15t/ + 60u — 100 = 0, whence 

u = 10, 1(5 dr zVl5). 

Let us use u = 10. Equations (21) and (22) become 

x“ + 3x + 5 = 2x + 1 and x“ + 3x + 5 = — 2x — 1, 
wherute 


+ X + i = 0 


and x' 4- ox + 6 = 0. 
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Therefore 


X = — i db i and x = —2, —3. 

2i Jj 

Let the given quartic be az^ bz^ + cz + d = 0. The 

3 d 

term in z can be removed by the substitution ^ ^ | • Verify 

that the transformed quartic is + ro; + s = 0 where 


ah , a 
2 "^8’ 


1 1 2 r 84 

-ao + -ab-^a. 


The equations (19) (20) (21) (22) (23) (24) now serve for the solu- 
tion of the transformed equation by putting p = 0. 


7.7 Roots of the resolvent cubic in terms of roots of the quartic. 
Put 


Fi = X1X2 + 2:3X4; V2 = XiXs + X2X4; F3 = X1X4 + X2X3. (25) 

From ( 17 ) we have 

a:i + X2 + X3 + X4 = — 2p; X1X2X3 + X1X2X4 + X1X3X4 + X2X3X4 = — r; 

X1X2 + X1X3 + X1X4 + 2:2X3 + X2X4 + X3X4 = q; X1X2X3X4 = s. 

Whence we are able to derive the following relations: 

Fi + F2 + F3 = X1X2 + X3X4 + X1X3 + 2:2X4 + X1X4 -f- X2X3 = q 

F1F2 + F1F3 + F2F3 = (X1X2 + X3X4)(XiX3 + X2X4) + • • • 

= (Xl + X2 + X3 + X 4 )(XiX 2 X 3 + X1X2X4 + 

X1X3X4 + X2X3X4) — 4X1X2X3X4 

= 2pr — 4s 

F1F2F3 = (X1X2 + X3X4)(XiX3 + X2X4)(XiX4 + X2X3) 

= (X1X2X3 + X1X2X4 + X1X3X4 + X 2 X 3 X 4 )^ 

+ XiX2X3X4[(Xi + X 2 H- X 3 + X4)^ — 4(XiX2 + 

X1X3 + X1X4 4- X2X3 + X2X4 + X3X4)] 
= r“ + s(4p^ 4g) = + 4'pls* — iqs. 
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Hence the values of Uj, V 2 , Vg given in (25) are the roots of the 
cubic (20). 

7.8 Graphical construction of the roots of a quartic. Let us 
consider the quartic with two real and two imaginary roots: 

a ± b, a ± pi 

y = fix) = X*' — 2(a + a)x^ + (o* — + 4aQ:)a;^ 

-2(aa" + 0/3" + a"a - b'‘ci)x + (a" - 6")(a" + /S") = 0- 



Let 


OA =0, CA = AB = b. 


Then the real roots are represented by the points C and B in 
Fig. 21. If 
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The equation of the tangent PT at the point P whose abscissa 
is a is 

y + “ otY + = ”~ 26 ^(a — a){x — a). 

This tangent intersects the line x = |(a + a) where y = 

If 


X = aj 2/ = ■“ ^ = ~2/3^(a — a). 

The equation of the tangent QT at the point Q whose abscissa is a is 

y - fi\a - a)' + hY = -2/3'(a -- a){x - a). 

This line intersects the line x = J(a + a) where 2/ = 

To obtain the real roots carefully draw the graph. Measure 
OC and OB. This gives approximate values of the real roots. 
Find A the mid point of CB. The ordinate at A cuts the curve 
in P. Draw the tangent at P. This cuts the line x = J(a + a) 
at T whose ordinate is Through T draw a tangent TQ. 

This touches the curve at some point Q. The abscissa of Q will 
be the desired value a. RT = —6^/3^ 6 is known. Then ^ can 
be found by graphical means. While of theoretical interest, this 
construction is of little value in finding numerical values of the 
imaginary roots. 


Exercises 

Solve the following quartics: 

1. a;" + 6x^ + 12x^ + lOx + 3 == 0 

2. x^ — — 20a; — 16 = 0 

3. x' + a;' + 4a; - 3 = 0 

4. x" - 6x^ + 12x' - 20x - 12 = 0 

5. x^ + x^ — x^ — 7x — 6 = 0 

6. x^ + 2x' - 12x' - lOx 4- 3 = 0 

7. x' + 4x^ - ex'* + 4x + 8 = 0 

8. x^ + 6x^ + 7x^ - 6x - 8 = 0 

9. x^ + 6x^ + 3x^ + 6x - 8 = 0 

10. x' - 17x + 20x + 12 = 0 

11. x' - 38x' + 108x - 80 = 0 

12. x' - 8x' - 8x + 15 = 0 

13. x' - 32x' + 72x - 32 = 0 

14. x" - 20x' + 48x - 32 = 0 
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15. - 22x" - 72a: - 72 - 0 

16. a:' - 10a:' - 72a: - 72 = 0 

17. x^ — 30a:' + 60x — 16 = 0 

18. x^ + 32:r + 48 = 0 

19. a;* + 6x' + 4x' - 54x - 117 = 0 

20. x^ + 6a:' - 2z' - 96x - 224 = 0 

21. a:' + 2a:' - 2a: - 1 = 0 

22. x'‘ + 2x' - 7a:' - 8a: + 12 = 0 
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BOUNDS FOR THE ROOTS OF AN EQUATION 

8.1 Introduction. The problem before us is to find the roots 
of equations. It is advantageous to be able to narrow the re^on 
within which these roots must be sought. In Chapter IV we 
already have proved two theorems which help us in this matter. 
For reference purposes it will be helpful to repeat these theorems 
here, that we may have in one chapter all of our theorems with 
respect to the bounds of roots of equations. The theorems bear 
here the same numbers that they have in Chapter IV. 

Theorem 1. If in the 'polynomial, ■with real coefficients, 

f{x) = aox'‘ + + 02 x’*~^ + • • • + Un-ix + «« (oo > 0) 

the vdue - -f 1, or any greater value, he substituted for x, 'where 

00 

0* is that one of the coeffcients Oi, 02 , • • • , o„ 'whose numerical value 
is greatest, the term containing the highest po'wer of x will exceed, 
immerically, the sum of all the terms 'which follow. 

In terms of the roots of the equation f{x) = 0, this theorem 

means that no root of the equation can exceed - + 1 • 

do 

Theorem 2. If in the polynomial^ with real coefficients, 
f{x) ^ aox"" + + . . . + a^-ix + dn (a^ 0) 

the value , — — ,, or any smaller positive value, he substituted 

1 I -f I a/c 1 

for X, where dk is that one of the coefficients a^, di, a^, • • • , On-i 
whose numerical value is greatest, the term dn will be numerically 
greater than the sum of all the others. 

In terms of the roots of the equation f(x) == 0, this theorem 
means that no positive root of the equation can be less than 

— . We will proceed in this chapter to find other 

1 ttn I + 1 a/c 1 

bounds of the roots of equations. 
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Theorem 3. In any algebraic equation^ with real coefficients, 
f(x) = Oqx^ + aix^ ^ + • • • + an-ix -j- an = 0 (oo > 0) 

if the first negative coeficient is preceded by r coefficients which are 
'positive or zero, and if the numerically greatest negative coefficient 
is ak, then each real root is less than 1 + \/| |/ao. 

We desire to find a value of x for which, and for any larger 
value of x, f{x) > 0. Omit the terms ^ 

which are positive or zero for positive values of x, and replace 
each coefficient after Or-i by — | ua: |; then certainly 

f(x) ^ oox"" - I a* I (x''~^ + + • • • + x + 1). 

Hence f(x) will be positive if 

Oox"" - \ak\ (a:”"’’ + + • • . + a; + 1) > 0. (1) 

But 

n-r+l 1 

a;”"’’ + a:"-""’ + H a: + 1 = , {x 1). 

X - 1 

Hence for a; > 1, the inequality (1) is satisfied if 

n-r+l 

n - I 

aox > I ajc r , 


or 


oox'' \x ~ 1) > I a* I 

which inequality again is satisfied if 

ao(x - iy~'\x - 1) > I aA: 1 

since obviously x'‘'~^ > {x — We consider, therefore, finally 

Ooix - 1)" > 1 ttA: 1 


or 


a; > 1 

y Oo 


Exercises 

Find an upper bound of the roots of the following equations: 

1. a-' + 2/ - 21a:" - 22x + 40 = 0 

2. X* -h 4a:" - 34a:" - 76a: + 105 = 0 
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3. — 63a;^ — 64a; — 64 = 0 

4. x^ - 143x^ - 144 = 0 

5. X* - 106a;‘‘ + 600 = 0 

6. X* - 7Zx^ + 576 = 0 

7. a:^ - 27a:^ + 14a: + 120 = 0 

8. x^ - 29a;^ - 31x® + 31a;* - 32a: + 60 = 0 

9. x^ + 2a;* - 27a:* - 28a; - 60 = 0 

10. a;® + a;® - - 2a:* - a:* + X + 1 = 0 

11. X® - 103x^ + 296x* + 400 = 0 

12. X* + a:® - 103x® - 103x‘ + 296x* + 296x* + 400x + 400 = 0 

13. X* + 6x* + 4x* - 54x - 117 = 0 

14. x^ - lOx* - 20x - 16 = 0 

15. x^ + X* - X* - 7x - 6 = 0 

16. x‘ + 2x® - 12x* - lOx + 3 = 0 

17. x'* + 6x* + 7x* — 6x — 8 = 0 

18. x^ ~ 17x* + 20x + 12 = 0 

19. X* - 18x* + 32x - 15 = 0 

20. 2x‘ + 3x* + 4x* - 5x - 4 = 0 

21. 2x® + X® - 13x^ + 13x* - X - 2 = 0 

22. 6x* + 5x* - 38x* + 5x + 6 = 0 

23. X* + 3x^ - 16x* - 16x* - 16x -|- 48 = 0 

24. X® + x^ - 27x* - 26x* + 3x + 144 = 0 

25. 2x® + X® - 54x* + X* + 20x - 150 = 0 

26. 2x® + a:* - 128x* - 40x + 96 = 0 

27. X® - 256x* + 18x - 72 = 0 

28. 6x* - 486x* + 30x* - 78x - 36 = 0 

29. 3x' + 2x® + x^ - 243x* + 300x* + 60x + 180 = 0 

30. 8x® - 216x* + 21x* - 43x - 60 = 0 

8.2 Theorem 4: If in any rational integral algebraic equation, 

with real coefficients, the numerical value of each negative coefficient 
he divided by the sum of all the positive coefficients which precede it, 
the greatest of the fractions so formed, increased by one, is an upper 
bound to the roots of the equation. 

To fix the ideas, let the equation be 

f{x) = ooa:” + + • • • + On == 0 

(oo > 0) 

in which, for illustration, we regard the third coefficient as nega- 
tive, and we have a general negative coefficient, namely —ar. 
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Siace 

m -j 

^ m — 1 I w— 2 I I yv. I 1 

= X + X + • • • + X I 

X — 1 

we have 

= (in^m(x ““ O'n-m- 

Transforming the positive terms in/(:r) by means of this formula, 
the polynomial f{x) becomes 

ao(rr — + cusix — 

-f • • • + ao(x — 1 + • • • + Oo 

+ ai{x — + aii^x — 1 )"“''^ 

+ . . • + aiix - l)x''~^ + - ■ + ai 

— a^x'^~^ 

+ 

+ 

+ an, 

where the horizontal lines correspond to the successive terms 
of fix). 

In those columns in which a coefficient of the form — occurs, 
only one such negative value can occur. 

We now regard the vsum of elements in a vc^rtical column ol 
this expression as a term in the polynomial; the successive^ coeffi- 
cients of a:”~\ • • • , a:"”", • • • being 

a^ix - 1), (ao + ai)ix - 1) — a^, ■ • - , 

(ao + Cti + ■ • • + ar--l)(x — 1) — Cirj • • - . 

If X is given a value large enough so that the sum of the t(*rms 
in each column is positive, then /(j) is positiv(‘. Those columns 

in which every ai is positive will lie posit iv(‘ if > 1. 

To make a column positive in which a iu‘gativ(^ (‘OfdFicient —(u 
occurs we must have 

(Oo + ai) (X ~ 1 ) > U2, ■ • • , (<2o T + • • • T Ctr-l) (X — 1 ) > flr, 

etc. 
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Hence 


X > 




CIq 4 " dl 


+ 1, • • • , aj > 


ar 


ao + • + ar^j 


+ 1, etc. 


Thus, to ensure every term being made positive, we must take 
the value of the greatest of the quantities found in this way. 
Such a value of a:, therefore, is an upper bound of the positive roots. 


8.3 Practical application. Theorem 3 will usually be found the 
more advantageous when the first negative coejBficient is preceded 
by several positive coefficients, so that r is large. Theorem 4 may 
be found more advantageous when several large positive coeffi- 
cients occur before the first large negative coefficient. 

We use the least integer not below the numerical value given 
by either theorem as the upper bound. 

Example. Find an upper bound of the roots of 

x’ + 5x® - 3x® + 3x^ - 16x® - 9x® + 6a: - 8 = 0. 


Of the fractions 


3 16 9 8 

l + 5> 1^5 + 3^ + l-l_5 + 3 + 6*‘ 


the second is the greatest, and theorem 4 gives the integer 3 as an 
upper bound. Theorem 3 gives the integer 5 as an upper bound. 


Exercises 

Find an upper bound of the roots of the following equations: 

1. x‘ + 3x* + - 8x' - 51x + 18 = 0 

2. X* + 19x’ + 5x® - 15x® - 124x' + 9x - 36 = 0 

3. 6x' - 3x" + 28x' + 61x' - 59x + 7 = 0 

4. 5x* - 21x® H- 166x' - 646x + 306 = 0 

5. 6x® + 3x^ - 96x" + 130x' +■ 20x - 32 = 0 

6. 3x® - 48x^ -I- 50x' + 43x + 50 = 0 

7. 3x'' + 2x® - 24x^ - 20x^ -4 = 0 

8. 7x® + 18x' + 5x^ - 3x* - 56x^ - 27x - 3 = 0 

9. 8x' + 17x' + 5x^ - 19x* - 128x’‘ lOOx - 96 = 0 

10. 3x® - 12x' + 67x* + lOx" - 239x' + 7x - 48 = 0 

8.4 Newton’s method. Theorems. Any number which renders 
•positive the polynomial /(x) and all its derived Junctions J'{x), 
f"(x), ■ ■ ■ is an upper bound of the roots of /(x) = 0. 
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This method is more laborious than the preceding methods but 
it has the advantage of always giving close upper bounds. 

Proof: To prove the theorem, let the roots of f{x) = 0 be 
diminished by h] then x — h = and 

fix) = fiy + h) = m + rih)y ■■■ + y 

If now h be such as to make all the coefficients 

... ,f”\h) 

positive, the equation in y cannot have a positive root; that is, 
the equation in x has no root greater than h; hence A is an upper 
bound to the roots of f(x) = 0. 

Example. f{x) — x^ — Sx^ — 4a:^ ~ 2x + 9 
fix) = 4cx^ - 9x^ -Sx - 2 
f'ix) = 12:r" - 18a: - 8 
f"ix) = 24a: - 18 
f"^ix) = 24. 

In this example f'\x) is positive for a: = 1. This value of x 
makes f\x) negative. Increase x by one, f\x) is positive for 
a: = 2. This value of x makes /'(a:) negative. Increase a: by 1, 
fix) is positive for a: = 3. But this value of x makes fix) nega- 
tive. Increase a: by 1. We find that a: = 4 makes /(a:) positive. 

One advantage of Newton method is that often, as in the 
present example, it furnishes two consecutive integers between 
which the greatest root lies. In the example given, the greatest 
root lies between 3 and 4. 

The general method of procedure is as follows: Take the smallest 
integer that will make /^"""^^a:) positive. Proceeding upwards in 
order towards /'(a:), substitute this integer in the other functions 
of the series. When any function is reached which becomes 
negative for the integer in question, increase the integer suc- 
cessively by units, until an integer is found that makes that 
function positive. Proceed with the new integer as before. Con- 
tinue in this way until an integer is obtained that makes all of the 
functions in the series positive. 

It is assumed that when any number makes all of the derived 
functions up to a certain stage positive, any greater number will 
also make them positive. 
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This property is evident from the equation 

g{a 4- A) = g{a) + g’(a)h + g''ia) ^ + • • • 

(taking g(x) to represent any function in the series, and using 
the common notation for derived functions), which shows that if 
g(a), g'(a), g"(a), . • • axe all positive, and h is also positive, 
g{a + h) must he positive. 

8.6 Negative roots. To find bounds of the negative roots of an 
equation /(a:) = 0 we put —y for and then find bounds of the 
positive roots of the transformed equation in y) these bounds with 
their signs changed will be bounds of the negative roots of the 
given equation. 

Example, i - lx - 18x^ + + 4a: + 36 = 0. 

Put X == —y. We have 

+ 7y^ - ISy' - 5/ + 4^/ - 36 = 0. 

36 

By theorem 4, we have ^ + 1 = 4 as an upper bound 

of the positive roots of the equation in y. By theorem 2, we 
36 2 

have - ~ as a lower bound of the positive root of the 
36+18 6 

equation in y. Thus the negative roots of the given equation 
must be between —f and —4. 

Exercises 

1. Find by Newton^s method upper bounds to the real roots 
of the following equations: 

(a) a:' - + 8x - 9 = 0 

(b) X* — hx^ + 6x — 1 = 0 

(c) X* - 2x® - 3x' - 15x - 3 = 0 

(d) X* — 5x^ — 6x — 1 = 0 

(e) x' + x' - 4x“ - 6x^ - 700x + 500 = 0 

(f) X* ~ 2x® - 3x* - 15x - 3 = 0 

(g) 5x' - 20x‘ - lOx* - 23x“ - 90x - 297 = 0 

(h) 4x® - 15x^ + IQx - 32x" - lOOx - 81 = 0 

(i) 3x® - lOx^ - lOx* + 51x'‘ - 36x - 24 = 0 

(j) 2x^ - 6x^ + 3x‘‘ - 60x - 30 = 0 
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2. Show that the real roots of the following equations are 
between the bounds given: 

(a) X — X — ^ — 3a: + 1 = 0; — 2, 3 

(b) a:' + a:' - lOx^ - a: + 15 = 0; -4, 3 

(c) a:' + 5a;‘ + s® - 16a;" - 20a; - 16 = 0; -5, 3- 

(d) a:* + a:^ + x" — 25x — 36 = 0; —3, 3 

(e) X® + 5x' - 20x" - 19x - 2 = 0; -5, 3 

8.6 Theorem 6*. If in the equation, with real coefficients, 

f(x) = a:” + airr” ^ + • • • -f- an = 0 

where not all of the coefficients are positive, we strike out an arbitrary 
number of such pairs of terms as 

cipX ^ and ap—qX ^ , a^ ^ | oip—q jj cir>—n ^ 

and if, in the resulting equation, an-vtxff, where an-^m 9 ^ 0, is any 
term preceding all negative terms, m — h is the power of the first 
negative term and g is the greatest of the nwmerical values of the 
negative coefficients, then each real root of f(x) = 0 is less than any 
term of the sequence 

1 + 0 (^ 1 ) ^ ^ 2 ; <^(- 42 ) = Azy • • • , 

\Xn—7n/ 

where 

ct>(x) ^ 1 + [(1 - x-"‘+'‘-’)ff/a„_„]\ X > 1. 

Proof. If X > 1, then 

/W ^ Cn-^x^ — g{x^ ^ + ' • • + 1) 

m- h-H (2) 

7n '*■' d 

aji^n X g ' ~ ' 

X — 1 

We seek a value of x > \, such tiiat 

a„_„x’"(x - 1) - fir(x””'‘^' - 1) > 0. (3) 

Dividing this by and transposing the r/ lenn gives 

o„_„x'‘“'(x — 1) > g - (jx 

whence 

an~m{x — \)^ > g — 


* Glenn James, American M athematical Monthbj, 1!)27, p. 351 fT. 
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which can be written 


X > 1 + 


'?(! 


-m+A-ls-ll 






(4) 


The right-hand member of the inequality in (4) defines 
(4) is satisfied by a: = 1 4- ( P = Ai, that is, 


Ai > ^(Ai) — A%. (5) 

It follows from (4) and (5) that ^(Ai) > = As; similarly 

<^(A 2 ) > (l>{Az), etc. 

Consequently, if x is equal to or greater than any term of the 
sequence Ai, A^, As, • • ■ , then/(a:) > 0, which proves the theorem. 

Example 1. — x^ — x — 1 = We have n = m = 3, 

h = g = an~m = 1. Hence the sequence of upper bounds is 


1 + 1; 1 -h (1 - 2"’) = ^; 2 - (8/15)' = 1.8483; 

O 

2 - (1.8483)"' = 1.8416; 1.8399; 1.83944; 1.83932; 1.83931; • • • . 

The term 1.83931 is a root with four decimal places correct. 

Example 2, + Zx^ — 2x^ + 4a: — 32 = 0. Drop 3x^ — 2x\ 

Then n = m == 5, A = 5, g = 32, an-m = 1 • The sequence is 

1 + 32^^ = 3; 1 + 2(1 - 3“')* - 2.84 

1 + 2[1 - (2.84)-']^ = 2.82. 

Example 3. x — 2x^ + 22a:^ + 60a:^ — 73a; + 5 = 0. This 
can be written a:"* — 2a:^ + 22a:^ + 60a:^ — 51a: — 22a; + 5 = 0. 
Drop the pairs 22a;^ — 22a; and 60a:^ — 51a;. The first term of 
the sequence is 3. 


Exercises 

Find an upper bound to the real roots of the following equations: 

1. X® -I- 15x® - 16x^ -1- 4x' 4- X - 8 = 0 

2. x® — x' 4- 4x — 5 = 0 (Drop 4x — 4) 

3. X 4- 5x' - 3x' 4- 2x - 16 = 0 (Drop 5x' - 3x') 

4. X® -J- 6x^ — 5x' 4- 7x' — 4x — 32 = 0 (Drop 6x^ — 5x' 

and lx — 4x) 



Chaptee IX 


SEPARATION OF THE ROOTS 

9.1 Descartes’ rule of signs. When two successive tenns of an 
equation have different signs (ignoring all terms with zero coeffi- 
cients), there is said to be a variation of sign. By the number of 
variations of sign of a rational integral equation is meant the total 
number of variations of sign presented by consecutive non- 
vanishing* terms. 

Thus, in -f- Zx^ — 2x* — x^ + ix^ + 5 = 0, the second and 
third terms present one variation of sign. There is a second 
variation of sign presented by the fourth and fifth terms. The 
number of variations of sign of the equation is two. 

Descartes’ rule. The number of -positive real roots of a rational 
integral algebraic equation f{x) = 0, -with real coefficients, is either 
equal to the number of the variations of sign in its coefficients or 
less than that number by a positive even integer. 

For example, the equation x^ -|- Zoi' — 2x‘^ ~ + ix^ + 5 = Q 

has two variations of sign and so by the rule has eitluir two or 
no real positive roots. The equation x^ — x‘ + 2x — Z 
has three variations of sign, and .so by the rule has either three 
or one real positive roots. 

First, we shall show that if a polynomial f{x) be multiplifal by a 
factor x — a (a real), thcreljy introducing a new positive real 
root, the number of variations of .sign of the product will exceed 
the number of variations of .sign of the polynomial by an odd 
number. 

Let the polynomial /(x), which may ho complete or incomplete, 
be arranged in de.scending powers of x. Let the cof'dieient of the 
term of highest degree be positive. For the moimuit as.sum(‘ that 
the coefficient of the term of lowest degna; is jjositive. Then the 
.signs of the terms vary in the following manner: 

* An equation aox" + uix"’' -{-•••+ a„_ix + = 0, in which cncli of 

the n + 1 coefficients is ditT(n<!nt from zero, is said to lie rum pit t,:. 

lie 
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1 2 3 V - 1 V 

+ — ...-j-... — etc. — 

where the dots that follow a + sign designate any number of 
consecutive terms whose coefficients are positive or zero, and the 
dots that follow a — sign designate consecutive terms whose 
coefficients are negative or zero. The number 1 over the first — 
sign shows that here occurs the first variation in sign. The num- 
ber 2 above the second + sign shows that here occurs the second 
variation in sign. The v over the last + sign indicates that here 
occurs the z;-th and last variation in sign. 

Let a be a positive real root. Multiply fix) hy x — a, placing 
like powers of x in the same vertical column. We obtain a prod- 
uct whose signs may be written as follows : 

+ + ••• ++ ••• etc. • • • -|- 4" * • • 

” ... — ]- ... -| — ... — h--' etc. — h • • * 4 — • * • “ 

4"i ••• — it ••• -\-dz ••• — dh ••• etc. — it • • • 4" db • • • — 

1 2 3 V — 1 vv4-l 

Ao Ai A 2 As A>o-\ A<o Av+i 

The dz indicates that the sign of that term is undetermined. We 
say that it is ambiguous; it may be positive, negative, or zero. 
Each permanence of sign gives rise to an ambiguity: the dots 
following di indicate ambiguities. It is clear, however, that to 
each variation of sign in/(a;) there corresponds a variation of sign 
in {x — a) - fix). These variations are indicated by the numbers 
1, 2, 3, z; — V, beneath the signs in the product. Further, in 
the product, there is introduced an additional variation of sign 
at the end. Hence the product contains at least one more varia- 
tion of sign than the polynomial fix). 

Any sequence of signs beginning with a + and ending with a — 
has an odd number of variations of sign. These sequences are 
such as the one from the 4- sign above Ao to the — sign above Ai, 
and the sequence from the 4- above A 2 to the — above A 3 . Any 
sequence of signs beginning with a ^ and ending with a 4- has 
an odd number of variations of sign. Such sequences are from 
the — above Ai to the 4- above A 2 and from the — above A„_i 
to the 4“ above A^. There are 2 ; 4- 1 such sequences. In each 
sequence there are an odd number of changes of sign; that is. 
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1 + 2/c changes of sign. Then the total number of variations of 
sign in (x — a) -/(x) is 

(1 + 2/ci) H“ (1 + 2/C2) (1 -f- 2 /Cv 4 -i) = + 1 + an 

even number. 

That iSj the number of variations of sign in (x — a) -/(x) is either 
one more than the number of variations of sign in /(x) or exceeds 
the number of variations of sign in/(x) by one plus an even posi- 
tive integer. 

The same conclusion is reached when the last term in /(x) is 
assumed to be negative. 

We now use the above to prove Descartes^ rule. 

Let ff(x) be the product of all those factors corresponding to 
negative and complex roots of /(x) = 0. Since g(x) = 0 has no 
positive roots, the first and last terms in g(x) have like signs, 
which may be taken as positive. Then the number of variations 
of sign in ^'(x) is an even number 2/?, where /i is f3ither zero or a 
positive integer. Now", if g(x) he miilti[)lied by x — ai, where ai 
is a positive root, we obtain in the product 2/i + (1 + 2ki) varia- 
tions of sign. In the same way a second 1 actor x — ao gives rise 
to 1 + 2 h 2 additional variations of sign, so that in the product 
(x ~ ai)(x — oi 2 )g(x) there are 2h 4- (] -f 2hi) -f (1 + 2A2) 
variations of sign. Continuing in this way, after the introduction 
of r positive roots the product 

(x - ai){x - ai) ■■■ {x - ar)g{x) = f{x) 

will have 

2/1 + (1 + 2hi) +■ (1 + 2A2) + - ‘ + (1 + 2hr) 

variations of sign; that is, the number of variations of sign is r 
plus a positive even integer. This coinph^tf^s the ])roof of the 
theorem. 

To make use of Descartes’ rule to determine a su[)f‘rior bourul 
to the negative roots of /(x) == 0, we s(‘t up an e(}uation whose 
roots are the roots of f(x) = 0 with their changed, llie nmv 
equation can be obtained from /(x) = 0 by replacing x by — x; 
that is, we apply Descartes’ rule to the equation /(-.r) = 0. 

Corollary: The yiumher of negative roof.s of an algebraic equation 
f(x) = 0, tmih real coefficients, is either equal ta the number of 
variations of sign (f f( —x) — 0 or less than that number by a posi- 
tive even integer. 
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Exercises 

1. Determine the nature of the roots of + 5a; — 3 = 0. 
There is one variation of sign; therefore one positive root. Re- 
place a: by —x. We have a;® + 5a; + 3 = 0. This new equation 
has no variation of sign; therefore no positive root. Hence the 
original equation has no negative root. The given equation has, 
then, only one real root which is positive; the other two roots 
must be imaginary, and in particular will be mutually conjugate. 

2. Determine the nature of the roots of /(a;) = + lx + 

3a; — 5 = 0. 

/(a;) has one variation of sign and /(—a:) has one variation of 
sign. Hence /(a;) = 0 has one positive root, one negative root, 
and two imaginary roots. 

Prove by Descartes' rule the following statements: 

3. a;^ + 2a; + 3 = 0 has two imaginary roots. 

4. a;^ + + ^ = 0 (p, g > 0) has two imaginary roots. 

5. a;^ + pa; — ^ = 0 (p, g > 0) has two imaginary roots. 

6. a;^ + a;^ + 2a; — 3 = 0 has one positive root, one negative 

root, two imaginary roots. 

7. a;^ + a;^ -h a; + 1 = 0 has two imaginary roots. 

Hint: multiply by a; — 1. 

8. a;® + 3a;^ + 5a;^ + 1 = 0 has six imaginary roots. 

9. a;^ + a;^ + 5a; = 0 has four imaginary roots. The only 

real root is a; = 0. 

10. — 2a;^ -|- 3a;^ — 4a; + 1 = 0 has no negative root. 

11. a;® — 3a;^ — 4a; + 5 = 0 has at least two imaginary roots. 

12. a;^ + 3a;^ + 1 = 0 has four imaginary roots. 

13. 3a;® + + 3a;^ + 4 = 0 has six imaginary roots. 

14. a;® — 7 = 0 has one positive and one negative root. Four 

imaginary roots. 

15. 3a;® — 8 = 0 has one positive root and four imaginary roots. 

16. a;^ + 3a;^ + 2a; — 1 = 0 has one positive and one negative 

root, and two imaginary roots. 

17. x^ + 3a;^ — 2a; + 1 = 0 has not more than two positive 

roots ; at least two imaginary roots and no negative roots. 

18. — 3a;^ + 2x + 1 = 0 has not more than two positive 
roots and not more than two negative roots. 

19. An equation in which all of the coefficients have the same 

sign has no positive root. 

20. For n even, x” — 1 =0 has n — 2 imaginary roots. 
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21. For n odd, — 1 = 0 has n — I imaginary roots. 

22. For n even, x"" + 1 = 0 has no real roots. 

23. For n odd, x” + 1 = 0 has n — 1 imaginary roots. 

24. If the signs of the terms of any complete equation are al- 

ternately positive and negative, it cannot have a nega- 
tive root. 

25. If an equation contains a series of terms all of which have 

positive coefficients followed by a series all of which have 
negative coeflScients, it has only one positive root. 

26. If an equation contains only even powers of x, and if all 

of the coefficients are positive, it cannot have a real root. 

27. If a rational integral algebraic equation contains only odd 

powers of x, and if all of the coefficients are positive, it 
has the root zero and no other real root. 

28. If a rational integral algebraic equation /(x) = 0 is com- 

plete and all of its roots are real, then the number of 
positive roots is equal to the number of variations of 
sign in/(x) = 0 and the number of negative roots is equal 
to the number of variations of sign in/(-'x) == 0. 

29. In astronomy,** the problem of three bodies gives rise to 

the equation 

/ + (3 “ fx)r^ + (3 — 2ji)r^ — ixr^ — 2/ir — = 0, (0 < < 1). 

Use Descartes^ rule to show that this equation has a single 
positive real root. 

9.2 Sudan’s theorem. Let /(x) = 0 he a rational vUcgral alge- 
braic equation of degree n, with real coefficicntH. Let two real 
numbers a and h, a < b, neither a root of f{x) = 0, be substituted in 
the series formed by f(x) and its successive derived functions, viz., 

fix), fix), fix), (1) 

then the excess of the number of variations of sign in the scries (1) 
when X = a, over the nimiher of variations of sign when x = 5, 
either equals the number of real roots of /(.r) = 0 hctircrn a and h 
or exceeds the number of roots by a positive even integer. A root of 
multiplicity m is here counted as m roots. 

We shall call the whole series (1) Budan’s functions. 


■ F. R. Moulton, Celestial j\f echanics, p. 107, Maciiiillaii ('oinpany, 
1902. 
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It is convenient at times to write Sudan’s functions with sub^ 
scripts to indicate derivatives: 

f(^), fiix), Mx), ■ ■ ■ ,fn{x). 

These should not be confused with Sturm^s functions (9.3). 

No change can occur in the sign of any one of Budan’s functions 
except when x passes through a value which makes that function 
vanish. The following four cases can arise: 

Case I : The value of x may pass through a single root of f{x) = 0. 
Budan’s functions lose one change of sign; ior f{x) and /'(a:) have 
unlike signs immediately before, and like signs immediately after, 
the passage through a root of f{x) = 0, while the functions 
* * * ifn{x) do not change their signs, by hypothesis. 

Case II: The value of x may pass through a root c occurring r 
times in f{x) == 0. That is, 

/(c) = /l(c) = • • • = /r-l(c) = 0; fr{c) 0. 

From Taylor’s theorem, equation (3), Chapter IV, we have 

fic - A) = /(c) +/i(c)(-A) + ihic)(-hy +•■■ 

flic - A) = flic) 4-/2(c)(-A) + • ■ • + i-hy~^ + • • • 

1^-1 ( 2 ) 

fiic — h) — ftic) 4- • • • + (“^)'^^ + • ■ • 

frolic — A) = fr-lic) 4'/r(c)( — /i) + • • • 

/r(c ~ h) = fr(c) + • • * . 

We may take h so small that the signs of the series of terms 
/(c - h),fi(c - h), / 2 (c A), • • • ,/r-i(c - h),fr{c - h) shall be 

respectively the same as the signs of the series 

fr{c){-hy,fr{c){--hy-\fr{c){-hy~\ ... Jr{cX-h)Jr{c). 

The signs of this series alternate. 

Rewrite equations (2) with —h replaced by +h. Then we see 
that for X = c — h, the first r + 1 of Budan’s functions have signs 
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alternately + and and that iov x — c + h these same r + 1 
functions all have the same sign, namely that of fr{x). Hence 
the number of changes of sign that are lost is r, which is the 
degree of multiplicity of the root. 

Case HI : Suppose when x — c that one of the derived functions 
vanishes, but neither of the two adjacent functions] that is, 

fr{c) = 0, /r-l(c) 0, fr+lic) 9 ^ 0. 

Then if h is taken small enough, when x - c — h, the signs of 
the three terms /r(a:), fr+i(x), are respectively the same as 
the signs of /r-i(c), —hfr+i(c), /r+i(c), and when 3 ; = c + A, the 
signs are the same as the signs of /r-i(c), hfri-i(c), fr+i{c). Thus if 
fr-^i(c) and/r+i(c) have the same sign, BudaiPs functions lose two 
changes of sign as x increases through c, and if fr-i(c) and fr+iic) 
have contrary signs, Budan’s functions neither gain nor lose a 
change of sign. 

That is, if any changes of sign are lost it is an even number two. 

Case IV : Suppose when x = c that m successive derived func- 
tions vanish] for exa7nple 

fr{c) = fr+l{c) = /r+ 2 (c) ==•••= /r 4 -m-l(c) = 0 

while fr-^iic) 7^ 0 and /r-f m(c) 9 ^ 0. 

By Taylor’s theorem we have 

fr-lic — A) = /r-l(c) 4" * • • 

Me - A) ^fr-MM-hr + 

Ui{c - h) = Mrn{c)("hr~' + • 

(3) 

fr+m-lie — A) = fr\ m(c)(—h) -f - • • 
fr+m(,C ' A) — 

If both/r-.i(c) and /r+m(c) ar(‘ ])ositiv(‘, thf‘ following table, which 
follows from equations (8), r(‘[)n‘senls th(‘ situation. If both an' 
negative, all signs in the table are to hr* changed. 

f r~l fr fr+l f r > 'i ' ' * ,3 fr-\-m~2 fr-\-m—l fr^m 

+ (-r - + - +• 



9 . 2 ] 


SEPARATION OF THE ROOTS 


123 


If /r+m is negative and/r-i is positive, the following table, which 
follows from (3), represents the situation. If fr+m is positive and 
/r-i is negative, all signs in the table are to be changed. 


fr—l fr 

+ 


fr+l 

(-r 


/r+2 


fr-\-7n—2 fr+m — 1 fr+n 

, + ^ _ 


By taking h small enough and positive, we obtain the following 
results with respect to the m + 2 terms /r_i, ft, - • , fr+m. 

(a) Let m be even. If /r-i(c) and fr+mic) have the same sign, 
the terms present m changes of sign when x = c — h, and no 
changes of sign when x = c + h. If /r_i(c) and fr+mic) have 
unlike signs, the terms present m + 1 changes of sign when 
X = c — h, and one change of sign when x = c + h. Thus in 
both cases Budan’s functions lose m (an even number) changes 
of sign as x increases through c, 

(b) Let m be odd. If /r-i(c) and /r+m(c) have the same sign, 
the terms present m + 1 changes of sign when x = c — h, and 
no change of sign when x = c + h. Thus Budan^s functions 
lose m + 1 (an even number) changes of sign as x increases 
through c. If /r-i(c) and fr+mic) have unlike signs, the terms 
present m changes of sign when x = c — h, and one change of 
sign when x = c + h. Thus Sudanis functions lose m — 1 (an 
even number) changes of sign as x increases through c. 

We conclude that as x increases from a to 6 no change of sign 
can be gained; that for each passage through a single root of 
f(x) = 0 one change is lost; and that under no circumstances 
except through a root of f{x) = 0 can an odd number of changes 
be lost. Hence the number of changes lost during the whole 
change of x from a to b must be either equal to the number of 
real roots of f{x) = 0 in the interval, or must exceed it by an 
even number. 

Budan’s method has one advantage over that of Sturm (9.3), 
in that Budan^s functions are easily obtained. Sturm^s method 
is superior in that it always gives the exact number of real roots 
between a and 6. 

Descartes^ rule of signs is a corollary to Budan^s theorem. 
This can be seen as follows: Let 

f{x) = OqX^ + Uix” ^ + CLn—lX + Un = 0, 
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where the coefficients are real and Oo > 0. For x = 0, Sudan's 
functions f, fi, fi, ■ • ■ , fn-i, /« and the coefficients a„, o„_i, 
afl_ 2 , • ■ • , oi, Oo have the same set of signs. For a: = + «> the 
functions are all positive. Then the excess of the number of 
variations of sign of the functions for a: = 0 over the number of 
variations of sign for a; = ® is the same as the number of varia- 
tions of sign of f{x). 

Example. Locate the roots of 

fix) = x'‘ x^ — 4a:* — 3a:^ -f 3a: -f- 1 =0. We have 

fiix) = -b 4a:* — 12a:* — 6a; -|- 3 

/ 2 (a;) = 20x* ■+ 12a:* — 24x — 6 

fzix) = 60a;* -f 24a; - 24 

fiix) = 120a: -b 24 

Uix) = 120 

We form the following table: 

! h h h U h 

-2 - -b - 4- - + 

-l---b + - + 

0-b + -- + + 

1 - - + + + + 

2 + -b + + + + 


From this table we find that there may he I wo roots in the 
interval ( — 2, —1) and must be one root in each of the intervals 
(- 1 , 0 ); ( 0 , 1 ); ( 1 , 2 ). 


Exercises 

Verify the following statements; 

1. The real roots of a;* -b r* — 2a: —1=0 are in the int(‘rvals 

(- 2 , - 1 ); (- 1 , 0 ); ( 1 , 2 ). 

2. The real roots of a-*^ + a-'* -b i~ — 2oa: — 36 = 0 are in the 
intervals (-3, -2); (-2, -1); (2, .3). 

3. The oquatifui a:'* — 2x — 7/ + 10a; + 10 = 0 has one real 
root in each of the intervals (-3, —2); (—1, 0); and two roots 
between 2 and 3. 

4. The real roots <jf 3a^ — 6a‘ — Sr — 3 = 0 are in the intervals 

!-b 0); (1,2). 
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5. The real roots of - 16a;* + 69a;^ - 70a; - 42 = 0 are in 
the intervals (-1, 0); (2, 3); (4,5); (9, 10). 

6. The real roots of — 5a;* + lOa;^ — 6a; — 21 = 0 are in the 
intervals (- 1, 0); (3, 4). 

7. The equation a;* — 10a;* + 6a; + 1 =0 has single roots in the 
intervals ( — 4,-3); (0, 1); (3, 4) and two roots in the interval 
(-1, 0). 

8. The equation + 5a;* + 5a;^ — 5a; — 1 = 0 has one 

real root in the interval (0, 2) namely a; = 1 ; and two real roots in 
each of the intervals ( — 1, 0) ; (2, 3). 

' * 9.3 Sturm’s functions. Let /(a;) = 0 be a rational integral 
algebraic equation which has no equal roots. Form the first 
derived function namely /'(a;). Now proceed in the usual manner 
with the process of finding the greatest common divisor of /(a;) 
and /'(a;), with the exceptions noted below. In the first step 
divide /(a;) by /'(a;) until you obtain a remainder r(a;) whose degree 
is less than that of /'(^)- If 9i(^) is the quotient, then /(a;) = 
gi(a;)/'(a;) -f t{x). Instead of dividing /'(a;) by r(x), divide 
j\x) by/ 2 (x) = —r(x). At each step the sign of the remainder 
must be changed before it is used as a divisor. Continue this 
process until a remainder is obtained that does not contain x and 
change the sign of this last remainder also. This process is just as 
effective as the usual procedure in finding the greatest common 
divisor. Designate the remainders with their signs changed by 
/sC^), ••• Jn{x). Let gi, g 2 , ••• , gn-i be the successive 
quotients in the process, then 

/(^) = gi/'W - Mx) 

f(^) = Q 2 Mx) - fz(x) 
f2{x) = qsMx) - Mx) 


fn-2(x) = gn-l/n-l(x) ~ fn{x). 

The last remainder fn{x) is a non-zero constant. 

The functions/(a;),/'( 2 ;),/ 2 (a;),/ 3 (a;), • • ‘,fnix) are called Sturm^s 
functions. fo{x) =f{x);fi(x) ^ f{x), 

9.4 Sturm’s theorem. Let f(x) — 0 be a rational integral 
algebraic equation ^ with real coefficients and without multiple roots. 
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Let any two real numbers a and b, a < b, neither a root of f{x) = 0, 
be substituted for x in the series of n + 1 functions 

fix), fix), fiix), fiix), ■ ■ ■ ,fnix), (4) 

consisting of the given equation /(x), its first derived function f{x), 
and the successive remainders, with their signs changed, in the process 
of finding the greatest common divisor of f{x) and f(x). Then the 
exact number of real roots of f(x) — 0 between x = a and x = h is 
exactly equal to the number of variations of sign in the series when 
X = a, diminished by the number of variations of sign in the series 
when X — b. 

In the first place, let us observe that in the case under considera- 
tion no two consecutive functions in the series can vanish for the 
same value of x; that is, have a common factor. For, if any two 
consecutive functions of the series had a common factor, then 
f{x) and /'(a:) would have this same common factor and hence /(a;) 
would have a multiple root, which is contrary to our hypothesis. 

In the second place, we observe that as x moves from a to b, the 
number of variations of sign of the series of functions (4) for x = a 
is the same as the number of variations of sign for x = /3, where a 
and 13 are real numbers between a and b such that no one of the 
functions (4) vanishes between a and 0 or for x = a or for a: = /3. 
For, if any one of the functions (1) is positive (negative) for x = a 
and does not vanish between x = a and x = or for x = /3, then 
for X = /3 the function is still positive (negative). 

Hence, during the passage of x from a to h, the only cases in 
which there can be any changes in the number of variations of 
sign of the series of functions (4) are the following: 

Case I: When x passes through a value which causes one of the 
functions/', / 2 , • • * ,/n-i to vanish. 

Case II: When x })asses through a root of f(x) — 0. 

Case I: Suppose x, in passing from x = a to x = b, takes a 
value a such that/r(tj^) = 0. From the equation 

fr-l(.x) = (lrfr{x) - fr^x) 

we have 

/r_i(a:) = ~fr+i(a), 

which shows that x = a gives to /r„](x) and fr-{i{x) the same nu- 
merical value wit h different signs. In passing from a vnhie a little 
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less than a to a value a little greater than a we can consider the 
interval so small that it contains no root of fr~i{x) 07 :fr+i(x) ; hence, 
throughout the interval, these two functions do not change sign. 
If the sign of fr{x) does not change in this interval, there is no 
change in the series of signs. If the sign of fr(x) does change in 
this interval, no variation of sign is gained or lost in the group of 
three. For, no matter which sign is placed between two unlike 
signs, there is only one variation of sign. The reader may check 
for himself. The only possibilities are a change from 


+ 

+ 

- 

to + 

— 

— 


— 

— 

to + 

+ 

— 

- 

+ 

+ 

to — 

— 

+ 

— 

— 

+ 

to — 

+ 

+ 

Hence, no variation 

is 

either gained 

or 

lost among Sturm’s 


functions. 

Case II: When x, in passing from a to 6, takes a value r which 
is a root of f(x) = 0, then Sturm^s functions lose one variation 
of sign. The proof is as follows: 

By Taylor^s theorem, §4.3, 

/(r - A) - /(r) = -Af (r) + |AV"(r) , 

Kr + h) - fir) = hf(r) + ihY'{r) + • • • . 

The right-hand member of both equations is a polynomial in h. 
For sufficiently small values of h each polynomial in h will have 
the same sign as its first term. Hence, when/(r) = 0, if f'(r) is 
positive, then /(r — h) is negative, and f{r + h) is positive. 
That is, the signs of f(x) &ndf(x) will be — h just before x — r, 
and ++ just after x = r, and one variation of sign is lost. If 
f{r) is negative, then/(r — A) is positive and/Cr + A) is negative. 
That is, the signs of S{x) and/'(a:) will be H — just before x = r, 

and just after rr = r, and one variation of sign is lost. Hence, 

whether /'(r) is positive or negative, the sequence /(x), /(:r) shows 
one loss in variation of sign as x passes from r — h through r 
to r + A. 

We have now shown that as x increases and passes from a to 5, 
there are no changes in the number of variations of sign of the 
series of functions (4), with the exception that one variation is 
lost every time that x passes through a value which causes f(x) 
to vanish. Hence, the number of variations lost as x increases 
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from a to 2) is equal to the number of real roots of f(x) — 0 
between a and h. 

9.6 Sturm^s theorem for multiple roots. If a and b are real 
numbers, a < h, neither a root of f{x) = 0, and Sturm^s functions 
are re'presented by the series f{x), f{x), f 2 {x), • * • ifn(x), where f nix) 
is the highest common factor of fix) and fix), then the excess of the 
number of variations of sign in this series when x = a, over the 
number of variations of sign when x h, is equal to the number of 
real roots between a and b, each multiple root counting only once. 

In the case of equal roots /(x) and /'(a:) have a common factor; 
hence, fnix), the last of Sturm^s functions, is not a constant, but 
the greatest common divisor oi fix) and/'(x). 

Suppose a is a multiple root of fix) = 0 of order m, then 

fix) = ix - a)'^ix - ri)(a; - ra) ■ • ■ 
fix) = mix — a)'^~^ix — r)ix — rf) • • • 

+ ix — a)'^ix — r 2 )ix — rs) • • • 

+ ix - a)'^ix - ri)ix - rz) ... 

+ 

From these equations we see that/( 2 :) and/'(x) have the common 
factor ix — 

Let us consider the equations 

fi^) = - Mx) 

fix) = q 2 Mx) - Mx) 

Mx) = gsMx) - Mx) 

fnMx) = grt-lfn-lix) ” fnix). 

Since fix) and fix) have the common factor ix — \ we see 

from equations (5) that (x — is also a common factor of 

each of the functions /(x), fix), Mx), Mx), • • • ,fnix). Divide 
each of equations (5) by (x — We obtain a now set of 

equations which may be represented as follows: 

<f>{x) = qiMx) - Mx) 

Mx) = c/2<?5)2(x) - Mx) 

Mx) = qschiix) — Mx) 

<t>nMx) = qr,^l4>n~l(x) ~ 4>n(x). 
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Note that <pi(x) = then for any value of x, ^i(a') and 

<j>'(x) have the same sign. 

We may use 0i(a;), * • • , <t>n(x) as Sturm’s fimctions to 

determine the exact number of simple real roots of = 0 be- 
tween a and h. This will give the exact number of roots of 
fix) = 0 between a and h, each multiple root being counted 
only once. 

The number of variations of sign will always be the same for 
the series 


/W, /'W, Mx), • . . , fnix) 

as for 

<i>ix), <l)iix), <t> 2 ix), • . . , (i>nix). 

For, corresponding terms of the two series differ only by the factor 
(x — Hence, for any value of x, the signs of the terms in 

the first series are all the same as those of the second series, or 
the signs are all different. 

By finding the number of variations of sign in the second series 
we can determine the exact number of simple real roots of the 
equation <pix) =0 between a and 6, and this number is the exact 
number of real and distinct roots of fix) ~ 0 between a and h. 

If there is more than one multiple root, by a repetition of the 
process of deriving equations (6), one can arrive at a set like (6) 
in which </)(x) has only simple roots and there is present in ^(x) 
every real and distinct root of fix) — 0. 

Descartes’ rule gives only a superior bound for the number of 
positive and negative roots, Sturm’s method gives always the 
exact number of real and distinct roots between a and b. 

In order to avoid fractions, we may multiply /(x) by a positive 
constant before dividing by fix), and multiply any ffx) by a 
positive constant before dividing by fi+iix). Also before using 
any/i(x) as a divisor we may remove from it any constant positive 
factor. 


Exercises 

1. Find the situation of the real roots of x* — 7x + 5 = 0. 
We find 

fix) =3x^-7; 


Mx) == 14x — 15; fzix) = 697. 
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We give the signs of Sturm's functions for the indicated values 
of x: 


X 


re) 

M^) 

re) 

-3 

— 

+ 

- 

JL. 

1 

-2 

+ 

+ 

- 

+ 

-1 

+ 

— 

- 


0 

+ 

— 

- 

+ 

1 

— 

— 

- 


2 

— 

+ 

+ 


3 

+ 

+ 

+ 

+ 


There are three variations of sign in Sturm's functions for re = —3 
and two variations for x = —2; hence there is one root between 

— 3 and —2. There are two variations of sign for rr = 0 and 
one variation for rr = 1; hence there is one root between 0 and 1. 
There is one variation of sign for x = 2 and none for x = 3; 
hence there is one root between 2 and 3. 

f(x) is — for rc = 2 and + for rr = 3; hence there is an odd 
number of roots between 2 and 3. Sturm’s functions show that 
there is exactly one root between 2 and 3. 

2. Locate the real roots of — 2x^ — Sx^ 4* Hhr — 4 = 0. 
We find 

f(x) = 4:X^ — — 63; + 10; fn{x) = 9a:“ — 27 x +11; 

Mx) = -So: - 3; f,{x) = -1433. 

We have the following series of signs for Sturm’s functions; 

_O0 + - + + -, 

0 - + + --, 

^ + + + --. 

Accordingly, there are two real roots, one posit iv(‘, and one nega- 
tive, and two imaginary roots. To find the position of the real 
roots, it is sufficient to substitute positive and negative^ integers 
successively in f{x) alone, since there is only one [)()sitive and one 
negative root. We find that the negative root is })(‘twf‘(‘n —2 and 

— 3, and th(3 positive root between 0 and 1. 

By means of Sturm’s functions verify that the n‘al roots of tlu' 
following equations are in the interval indicated. 

3. — 7x + 7 = 0. ( — 4, —3). Two in the inu'rvai (1, 2). 

4. — lx + 14 = 0. ( — 4, —3). Two imaginary roots. 
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5. - 4x" -f 6a:' - 8a; 4- 1 = 0. (0, 1), (2, 3). Two imagi- 
nary roots. 

6. a;' - 12a:' + 12a; - 3 = 0. (-4, -3), (2, 3). Two in the 
interval (0, 1). 

7. 8a:' - 12a:' + 1 = 0. (-1, 0), (0, 1), (1, 2). The roots 

are —0.27; 0.33; 1.44. 

8. 16a:" - 16a:' + 3 = 0. (-1, -0.6), (-0.6, 0), (0, 0.6), 
(0.6, 1). The roots are ±0.5, ±0.87. 

9. a:' — 1.771561 = 0. (—2, —1), (1, 2). Four imaginary 

roots. The real roots are dbl.l. 

10. + 2.620739 = 0. Two roots between 1 and 2. 
Two roots between —1 and —2. Two imaginary roots. Two 
of the real roots are ±1.1. 

11. Show that for the cubic + O' = 0, we have 

f{x) = 3x^ + p; 'f 2 {x) = -2px - 3g; fs^x) = — 27q\ 

Hint: Multiply by before dividing by/ 2 (x). 

12. Show that for the quartic i- px^ qx r ^ 0, we have 

fix) = ix^ + 2px + q; f 2 ix) = —2px^ — 3qx — 4r; 
fix) = (8pr — 2p^ — %q^)x — 12gr — qp^. 

Hint: Divide pYi^) by/ 2 (ir). To obtain / 4 (x), divide 
iSpr - 2p^ - ^q)%ix) hj jzix). 

13. Locate the real roots of ^x^ — 12x^ + 13rr^ — \2x + 9 = 0. 
We find 

fix) = mx^ - 36x^ + 26x - 12; fix) = 2x' + 33a: - 54; 
fix) = -2x + 3. 

Sturm’s functions stop with fix), thus establishing the existence 
of equal roots. 2a: — 3 is a common factor of fix) and /'(a:) and 
hence a: = f is a double root of fix) = 0. For Sturm’s functions 


we have 

X fix) 

- - - •f \ / 

m 

hix) 

Mx) 

— CO + 

- 

+ 

+ 

+ CO + 

+ 

+ 

— 

The equation has only one 

real distinct root; the other two roots 

are imaginary. Factoring, 

we find fix) ^ 

{2x - 3)'(x- + 1). 
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Verify the following: 

14. For j{x) = 2 * - 5x’ + - 7x 2 = Q, Sturm’s func- 

tions are 

fix) = 42:® - 152:' -f I 82 : - 7, 
fix) = x' - 2 x -f- 1 . 

X = 1 is a triple root. The other root is x = 2 . 

15. For fix) = X* - 6 x® -f 13x' - 12x -f 4 = 0, Sturm’s 
functions are 

fix) = 4x® - 18x' -f 26x - 12 
Jiix) = x' - 3x -p 2 = (x - l)(x - 2). 

Each of the roots 1 , 2 is a double root. 

16. For fix) = X® - 7x® -h 15x' - 40x' -f- 48x - 16 = 0, 
Sturm’s functions are 

fix) = 6 x® - 35x* -I- 60x - 80x -f 48, 

fix) = 13x - 84x -f 192x' - 176x + 48, 

fix) = X® - 6 x' -|- 12 x - 8 = (x - 2 )®. 

X = 2 is a quadruple root. There is one real root in the interval 
(- 2 , - 1 ) and one real root in the interval ( 0 , 1 ). 

17. For fix) = 32x® - 16x' - 16x® -h 8 x' + 2x - 1 = 0, 
Sturm’s functions are 

fix) = 160x* - 64x® - 48x' -f- 16x 2 

fix) = 8 x - 4x' - 2x + 1 = (2x - l)®(2x -h 1). 

Hence, x = § is a triple root and x = - 1 is a double root. 
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SOLUTION OF NUMERICAL EQUATIONS 

10.1 Homer’s method. The first step in finding the numerical 
value of a real root of a rational integral algebraic equation is to 
isolate the root. Then, whether the root is rational or irrational, 
and expressible as a terminating or nonterminating decimal, it 
can be obtained by Horner’s method. The root is obtained figure 
by figure; first the integral part (if any), and then the decimal 
part, till the work terminates if the root is a terminating decimal, 
or to any desired number of decimal places otherwise. 

The main principle in Horner’s method is the successive dimi- 
nution of the roots of the given equation by known amounts using 
synthetic division (see §4.7). 

The method will be illustrated by the following example; 

Let us find the root between 2 and 3 of 

f(z) = -j- — 6x - 1 = 0. 

The first step even if the root were to lie very near to 3, is tc 
diminish the roots by 2 as follows: 


1 -h 1 - 6 - 1|2 
-(- 2 - 1-6 0 


1+3 

0 

- 1 

+ 2 + 10 


1 + 5 
+ 2 

+ 10 



1 +7 

The first transformed equation is 

fi(xi) = x\ + lx\ -(- 10a:i -1 = 0, 

which has a root between 0 and 1. The root a:i is small. Hence 
the first two terms are small compared to the last two. We 
obtain an approximate value, xi = 0.1, from lOsi —1 = 0. 
This value of xi makes the first two terms positive and/i(0.1) > 0; 
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hence the constant tema in the second transformed equation 
would be positive. This shows us that this value of X\ is too 
large since /i(0) = —1. The constant terna in each transformed 
equation must retain the same sign as the constant term in the 
original equation. For xi = 0.09, /ife) is found to be negative. 
Diminish the roots of = 0 by 0.09. We obtain 

/ 2 (a: 2 ) = xl + 7.270:2 + 11.2843o:2 - 0.042571 = 0. 

From 11.2843a:2 — 0.042571 = 0, we obtain x^ = 0.003. Hence 
we diminish the roots of f 2 ix 2 ) = 0 by 0.003. 

The work for these two steps is as follows: 


1 

+ 

7 

+ 

10 

- 1 

|0.09 



0.09 

+ 

0.6381 

+ 0.957429 


T 

+ 

7.09 

+ 

10.6381 

- 0.042571 




0.09 

+ 

0.6462 


0.04 = 0.003 

T 

+ 

7.18 

+ 

11.2843 


11.3 



0.09 






1 + 7.27 

+ 0.003 + 0.021819 + 0.033918357|0.003 
1 + 7.273 + 11.306119 - 0.008652643 
+ 0.003 + 0.021828 
1 + 7.276 + 11.327947 
+ 0.003 
1 + 7.279 

Our third transformed equation is 

xl + 7.279x1 + 11.327947x3 - 0.008652643 = 0. 

From the last two terms we find 

0.0007 < X3 < 0.0008, 

whence 

0.000003570 < X 3 + 7.279x| < 0.000004664. 

We may ignore the first two terms, provided the constant term 
0.008652643 be reduced by an amount between these two limits. 
We have 

0.008652643 - 0.000003570 = 0.008649073. 
0.008652643 - 0.000004664 = 0.008647979. 
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From 11.327947a;3 — 0.008647979 = 0, we obtain 
2:3 = 0.0007634 +. 

From 11. 327947^:3 — 0.008649073 = 0, we obtain 
0:3 = 0.0007635+ . 

Hence correct to 6 decimal places we have xs = 0.0007634+ . 
The work can be shortened as shown below: 

1 1 .327947|0.008647i0. 0007634 
7929 
718 

39 

M 

5 

Since the quotient is 0.0007, we use only two decimals in the 
divisor, except by inspection, to see how much should be carried 
in making the first multiplication. Place a dot * above the figure 2 
in the divisor and use 11.32 as a divisor. Before multiplying 
by 6, the second significant figure in the quotient, place a dot 
over the figure 3 and use 11.3. 

For the root of the original equation /(x) = 0, we have then 
x = 2.0937634 +. 

The first 6 decimal places are correct. There is doubt as to 
whether the last figure should be a 4 or a 5. 

If more decimals are required, it is not necessary to form a new 
transformed equation. We need only to revise the constant term 
in fsixs) = 0 , making use of our x^resent better value of X3. 

This contracted method may be used after 3 or 4 decimals have 
been found. By it we are furnished, in addition to the decimals 
already obtained, with as many more decimals less one as there 
are decimals in the trial divisor, with doubt only as to the last 
decimal. 

10.2 Graphical discussion of Homer’s method. If 

f(x) = Ooo:” + an-i^r + = 0, (ao > 0, nan integer 

> 0, all coefficients real), then ?/ = cin-ix + an is the tangent 
line to 2/ = f(^) at (0, Un). 
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In Horner^ s method, after each transformation, an approximate 
value of the root sought is found by neglecting the terms of 
second degree and higher, and setting the first degree term equal 
to the negative of the constant term. This is equivalent to finding 

the equation of the 
tangent line to the 
curve at the point 
where the curve 
crosses the ^-axis and 
then finding where 
this tangent line 
crosses the ^“axis. 
In Horner's method 
each approximate 
value is greater than 
the previous approxi- 
22 mation and is less than 



the positive root de- 
sired. The following questions arise: will the approximate value 
obtained, as outlined above in using the tangent line, be an ap- 
proximate value to the desired root or to some other root of the 


equation? Will this be greater than the previous approximate 


values? Will this ap- 
proximate value be 
less than the desired 
root? 

Fig. 22 shows that 
if the desired root is 
in the interval OA, 
the point T of inter- 
section of the tan- 
gent line PT may 
give an approxima- 
tion to some root rep- 
resented by the point 



Fig. 23 


B rather than to the desired root represented by the point A. 

Fig. 23 shows that the point T of intersection of the tangent 
line may give us a better approximation to the desired root than 
the point 0^ but that the value so obtained is too large and must 
be decreased. 
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Fig. 24 shows that changing the origin from 0 to O' increases 
the approximate value of the root and still keeps this approximate 
value less than the desired root. However, the next approxi- 



mate value, represented by the point T, does not still further in- 
crease the approximate value and is not as good an approximation 
as that represented by the point O'. 
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Fig. 25 shows a case where each approximation, obtained by 
using the tangent line, is greater than the preceding, is less than 
the root desired, and is an approximation^to the desired root and 
not to some other root. 

Enough has been said to make it evident that great care must 
be exercised in using the point of intersection of the aforemen- 
tioned tangent line with the x-axis to determine a better approxi- 
mate value to the desired root. 

Exercises 


Verify the following: 


1. The positive real root of 2x^ — 17 — 65x — 46 = 0 is 11.5. 

2. The positive real root of 4x^ — — 43x — 34 = 0 is 4.25. 

3. The positive real root of 20z^ + 19rr^ — 83a: — 82 = 0 is 2.05. 

4. The positive real root oi + x^ + ^ 100 = 0 is 4.2644 

correct to four decimal places. 

5. A root of + 4x^ — 4x^ “ lla; + 4 = Ois 1.6369 correct 

to four decimals. 


Correct to 6 or 7 decimals the roots of the following equations 
are as indicated. 


6 . - 


7. 

8 . 


8x' 

3 


~ X 


-f" — 8.r 3 = 

2 


0 


X — 


+ 2a; - 5a: - 7 = 0 
12a; + 7-0 


9. a;*' - 6a: + 3 = 0 


10. x^ — lx + 7 


0 


0.511304 
2.041928 
[2.04727556 
[0.59368583 
fO.523976 
[2.145103 
f 1.3568958 
1^1.6920215 
2.584455 
1.414214 
2.861210 
1.208712 
-3.907378 
3.106623 

+ 12a:" + 59a:^ + 150a:^ + 201a: - 207 = 0 0.6386058 
Calculate to three decimal places each of the roots between 
4 and 5 of + Sx^ — 70a:^ — 144a: + 936 — 0 4.243; 4.246 

19. A house may be bought for $4400 cash, or for $1000 cash 
and $1000 at the end of each year for four years. Find the 
annual rate of interest implied in this offer. 


11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 


+ 12 . 0 :- + a: - 100 = 0 
+ 4a-' - 8a: - 4 = 0 

- 4 . 0 :' + 6a;' - 4a: - 11 

- 6.1-' + 7 = 0 

- 12a:' + 12a: - 3 - 0 

- 2a:' + 3x ~ 20 = 0 


= 0 


2.858083; 
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After having paid $1000 cash there remains $3400 to be paid. 
The amount of $3400 at the end of the four years should be equal 
to the sum of the amounts of the separate payments at the end 
of the four-year period. Hence, if x is the rate of interest, 

3400(1 + xy 

= 1000(1 + xf + 1000(1 +- xf + 1000(1 +x) + 1000. 

This reduces to llx^ + 63a;®. -f- 82a;^ 4- 38a; — 3 = 0 

Ans.: X = 0.068+ 

'20. A house may be bought for $3800 cash, or for $1000 cash 
and $1000 at the end of each year for three years. Find the 
annual rate of interest implied in the offer. Ans.: 3.5% 

21. The diameter of a water pipe whose length is 200 feet, and 
which is to discharge 100 cubic feet per second under a head of 
10 feet, is given by the real root of the equation 

a;® - 38a; ~ 101 = 0. 

Find the diameter correct to 3 significant figures. Ans. : x — 2.92 
[Merriman and Woodward, Higher Mathematics, p. 13.] 

22. Let a sphere with specific gravity g < 1, be immersed in 
water. Let the radius of the sphere be r and the depth to which 
it will sink be A. Then the volume of the submerged portion is 

. The volume of the sphere is The volume of 

the water displaced is ^Trr^g. Then 

(r - I) 

or 

A® - 3rA' + 

Find A for 

(a) r = 1, g = J 

(b) r = 1, gr = I 

(c) r = 2, sr = I 

10.3 Newton’s method. Newton’s method can be applied to 
any equation f{x) = 0, algebraic or transcendental. Horner’s 
method is applicable only to those equations in which f{x) is a 
polynomial in x. 

First determine two numbers a and h (a < h) such that there is 


A = 0.65 
A = 1.34 
A = 3.11 
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one and only one root of f(x) — 0 between a and b. We now 
have an approximate value of the root. 



If the curve is as represented in Fig. 26 , we can find a correction 
hi as follows: let PAi be tangent to the curve at P. Then 

tan XA,P = = /'(a) 

dx^z^a 

= 

AAi hi 


Whence 


hi = 


fM 


Then ai 


fia) 


a — is a second approximation to the root. 


Obviously we can erect an ordinate to the curve from Ai, where 
X = a A- hi ^ ai. Let this meet the curve in Pi. Draw the 
tangent P1A2 at Pi. A1A2 — hz is a second correction. We 
have 

X D dy"] >. AiPi /(ai) 

tan XA2P1 = / (oi) = - “ ~ : 


hi — — 


/(ai) 

rw 


whence 
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Then = ai — is a third approximation to the root. 

J W 

One may begin as shown in Fig. 27 at x = 6, at the upper end 
of the interval, and decrease the value x = h successively, to 



obtain better and better approximations. The work would be as 
follows: 


tan XAiP = 


dx 


= /'(&) 


Whence 


and 


AiA hi 


h = fM 
f'ihy 


OAi = hi = h — hi = b — is a second approximation. 
OA 2 = h 2 = hi — h 2 = hi — 77 ^ is a third approximation. 

/ (»i) 


OA3 = 63 


m , 


/(w 


is a fourth approximation, etc. 


Let us apply this method to the equation 

fix) = - 2x - 5 = 0. 
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/(2) = — 1;/(3) = +16. Hence there is a root between 2 and 3. 
For the second approximation, we have 


h 


m 

f'{2) 


+ 0 . 1 , 


whence 


ai = 2 + 0.1 = 2.1 


/(2.1) = +0.061. 



P 


Fig. 28 


Since /(2.1) is positive, while /(2) is negative, we know that the 
root is less than 2.1. For the third approximation, we have 


/( 2 . 1 ) 

'/'(2.1) 


0.061 

11.23 


-0.0054, 


whence 


a2 = ai - = flsi - 0.0054 = 2.0946. 

For the next approximation, we have 

as = 02 - = 2.0946 - 0.00004852 = 2.09455148 

/ (as) 

in which 7 decimal places are correct. We cannot be certain of 
the accuracy of the 8th decimal. 
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10.4 Graphical discussion of conditions for the success of 
Newton’s method. 

(A) f{x) = 0 between a and b. In general one can begin the 
series of approximations at either end of the interval. However, 
if f{x) = 0 for some point Q on the curve, y = f{x), between a 
and 6, one must not begin the approximation at a point P such 
that Q is between P and R] for if one begins at P, the second 
approximation OAi will bring one outside the interval a to b 
within which the root is situated. A continuation of the process 



from A 1 will often bring one to some other root Pi, but not to the 
root R which is sought. 

(B) f"(x) 7 ^ 0 between a and b. 

Let y = J{x) be represented by PIQ (Fig. 30). The slope of 
the curve is positive between P and Q. The slope increases from 
P to I and decreases from I to Q. Hence at I there is a maximum 
slope. This means that the ordinate CM on the first derivative 
curve y = f{x) is a maximum. I is said to be a point of inflection 
on the curve y = f{x). Whenever a curve has a maximum 
(minimum) for a certain value of the abscissa, its first derivative 
vanishes, provided the first derivative is a continuous function. 
Then f"(x) = 0 for the abscissa of the point of inflection L The 
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curve y == goes through the point C. To the left of C, 

y = /"(^) is positive since to the left of M the slope of ?/ = f{x) 
is positive. It might very well happen that either the tangent 
at P, or the tangent at Q meets the a^-axis outside of the interval 
a to 6. This might happen at only one end. It might not happen 
at all. 

10.5 Fourier’s theorem. If f(x) 0 he a rational integral alge- 
braic equation which has one and only one real root between a and jd, 
a < and if f{x) = 0 has no real root between a and and 
also f"{x) = 0 has no real root between a and then Newton* s 
method of approximation will certainly be successful if it be begun 



and continued from that hound for which f(x) and f"{x) have the 
same sign. 

It follows from our hjrpothesis that/(x) changes sign only once 
in the interval and that f'{x) and /"(a:) do not change sign in the 
interval. 

Lemma: If f(x) and f(x) are continuous in the interval a to 6, 
then there exists a value X of x between a and b for which 

f(b) -f(a) 
b — a 

Geometrically this lemma is obvious. What it says is that if 
the curve y = f{x) is continuous and has a derivative which is 
continuous between a and then there is some point A on the 
curve, between P and Q, such that the slope of the secant line 
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PQ is the same as the slope of the tangent line at A. The equality 
may be written 

m - m = (5 - a)/'(X). 

Suppose 6 > a. Then it is easy to see from the last equation 
that if f{x) retains the same sign throughout the interval, then 



as X increases throughout that interval }(x) increases numerically 
when it has the same sign as/'(x), and decreases numerically when 
it has the contrary sign. 

Prooj of FouriePs theorem: 

(1) Suppose f{x) and f'(x) have the same sign when a; = «. 
Take a for the first approximation; then Newton^s second approxi- 
mation is OAi = a — . Let OR = a + c represent the true 

f M 

value of the root; then /(a + c) = 0. Now by the lemma, we 
have 


f(a ■+■ c) — f(oc) = cf(\)j where X is between a and a + c; 

thus c = 1 value of the root is 

f (X) 

/I r> _» * f 

OR = a + c == a — . 


We have to show that a 


/(a) : 


is nearer to the root than a. 


Since c is necessarily positive, /(a) and f(\) are of different sign. 
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By our hypotheses /(a) Sindf'\a) have the same sign; and there- 
fore /'(X) Bjndf\a) are of contrary sign. 

Hence, by our lemma, decreases numerically as x increases 
from a to so that/'(X) is numerically less than/'(o^); therefore 
—f{a) /f(a) is a positive quantity which is numerically less than 
the positive quantity This shows that Newton’s 

second approximation is nearer the true value of the root than a, 

Kc^) 


Let ai = 




; then f(ai) and f"(ai) have the same sign, 


and the approximation can be continued from ai. 

(2) Suppose that f{x) and/"(x) have the same sign when a: = /3. 
Let /3 be the first approximation, then Newton’s second approxi- 

m_ 
m 

Then /(/3 + c) = 0 


mation is jS — 


root. 


Let /5 + c represent the true value of the 
From the lemma we have 


f(0 + c) - m = cf'(\) 


where X is between 0 and /S + c. Then c = 


m 


We have 


/'W 

to show that /3 — /(/3)//'(i3) is nearer the true value of the root 
than i3. Since c is necessarily negative, /(jS) and /'(X) are of the 
same sign, and since by hypothesis /(jS) and/"(i3) are of the same 
sign, then /(X) and /"(/3) are of the same sign. Hence, by the 
lemma, f'{x) increases numerically as x increases from a to 13^ 
and so f{\) is less than/'CjS). Therefore 


0 < 


rw /'(X)' 
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Let j(3i = 0 


then /(i3i) and fX^i) have the same sign. 


approximation corrects this by adding ■ 
of the root is obtained by adding 


Hence the permanence 


This shows that Newton^s second approximation is nearer the 
true value of the root than ^3. 

M 

and the approximation can be continued from /3i. 

This shows that Fourier's conditions are sufficient. We will now 
show that they are necessary. 

If we start with a first approximation x = a, Newton's second 

, while the true value 

/ {ol) 

fM 

of sign of /'(^) is necessary in order that we may be sure that 
/'(a) and /'(X) have the same sign. If these equations do not 
have the same sign, the NewTonian correction has the wrong sign, 
and Newton's second approximation is further from the true value 
of the root tnan the first approximation. The permanence of 
sign of is necessary in order to ensure that/'(X) is numerically 
less than /'(a). If this is not the case, the Newtonian correction 
is greater than the true correction, and so, supposing the correction 
to be in the right direction, the true value of the root is between 
Newton's jfirst and second approximations. In this case Newton's 
second approximation may be nearer the true value of the root 
than the first approximation, but is not necessarily so. 


Exercises 

Compute one root of each of the following equations: 


1. a:' + 3a: - 5 = 0 

2. a:' - 4a:' - 4a: + 12 = 0 

3. a' - + 3 = 0 

4. a:' — 6a:^ + 19 = 0 

5. a:' - a:' - 2a: -h 1 = 0 

6. o:^ — — 4a:' 4- 3a:^ + 3a: 

-1 = 0 

7. a:' + a:' + ^ - 100 = 0 


8. 20a:' + 24a:' -3 = 0 

9. cos X — X — 0 

10. sin 2a: — a: = 0 

11. 2 sin a: — a: = 0 

12. e® — tan a: = 0 

13. e^ — sin a: = 0 

14. 2 sin X = (x — 1)' 

15. tan X + ^ — 1 =0 


Compute each real root of the following equations correct to 
two decimals: 

16. a;® - 4- 3a: + 5 = 0 17. a:' - 4a:* - 4a: + 12 = 0 

18. .T - 9a: - 5 = 0 
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10.6 GraefiEe^s method. By this method one finds all of the 
roots, real and complex, without any preliminary determination 
of their approximate values. The method consists in forming a 
new equation whose roots are some high power of the roots of the 
given equation. We discuss first the case where all roots are real. 
As the power increases the distance between the roots increases. 
For high powers, roots whose numerical value is greater than 1 
become widely separated. We shall see that an equation whose 
real roots are widely separated can be readily solved. 

Let the equation to be solved be 

x” + 4. . . . -f~ an^ix + an 

= 0 (coefficients real). (1) 

Write (1) so that all terms of even degree are on one side of the 
equation and all terms of odd degree are on the other side. Square 
both sides. We have 

(a:” + oax"-' + +...)'= (axx”"' + asx""* +•••)*• 

Put — —y. We have 

y'‘ + 612 /"'* + + • • • + hn-iy + = 0 ( 2 ) 

where 

bi = al — 2a% 

i>2 = 02 “ 20103 + 204 

hz =03 — 202O4 4 2oi 06 — 2o0 


6r == Or — 20r_l0r+l + * • * + ( — l)*20r-^0r-f, 4 * • * + ( — l)^202r 


bn == an- 

A rule for the formation of the coefficients in (2) may be stated as 
follows: the coefficient of any power of y is formed by squaring the 
coeffikient of the corresponding power of x in the original equation 
and adding twice the product of every pair of coefficients which are 
equally distant on either side^ these products being taken with sigm 
alternately positive and negativCj missing powers of x being supplied 
with zero coefficients, 
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Suppose the roots of (1) to be —a, —6, — c, • - • (all real) and 
|ai>l6l>lcl>*--. Then a, 6, c, • • • are called ‘'Encke 
roots'^ of (1). Now since y = the Encke roots of (2) are 

d y by C y • • • . 

Repeat the process, thus obtaining an equation whose Encke 
roots are the squares of the roots of (2), that is, the 4th powers 
of the roots of (1). At the next step one obtains an equation 
whose Encke roots are the 8th powers of the roots of (1), and 
so on. Perform this operation k times. Let 2* = m. The equa- 
tion whose Encke roots are a^j Vy • • • is 

{x + or){x + h^)ix + c”*) . . . = 0, 
or 

x" + + . . . = 0, 

where 

[a"] = a" + 6" + c”* + • • • 

[a"6T = aV + + • • • + H , etc. 


Continue this process until the doubled products bring no 
change in the digits we wish to retain. 

Since |a|>| 6 |>|cl>-**,if?? 2is sufficiently large the 
ratio of to [a”"] is approximately one. Likewise the ratio of 
to is approximately one. 

We can now determine the numerical value of the roots, a, 6, 
Cj • • • in succession from the equations 

[aT = a”* 

[a^b^] = 

[a'h^c^] = oTb^c^y etc. 

Descartes’ rule of signs, a graph, substitution in the original 
equation will help in the determination as to whether a root is 
positive or negative. 

Example. Find the roots of + 11a: + 6 = 0. 

Use the notation 7.654 X 10® = 7.654®. 

The work is arranged as shown on page 150. 
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1 

1 

6 

11 

6 


1 

36 

-22 

121 

-72 

36 

2 

1 

14 

49 

36 


1 

196 

-98 

2401 

-1008 

1296 

4 

1 

98 

1393 

1296 


1 

9.604^ 

-2.786 

1.940® 

-0.254 

1.680® 

8 

1 

6.8183 

1.686® 

1.680® 


1 

4.649" 

-0.337 

2.843"2 

-0.023 

2.822®" 

16 

1 

4.312" 

2.820‘2 

2.822^2 


1 

1.859« 

-0.006 

7.9522® 

-0.000 

7.964"® 

32 

1 

1.853"3 

7.952"® 

7.964"® 


o*® = 1.853‘®; log a'" = 15.2679; log | o | = 0.4771; \a \ = 3.000 
aV = 7.952®‘; log = 24.9005 - 15.2679 = 9.6326 
log I 6 1 = 0.3010; 1 6 I = 2.000 
(abcy^ = 7.964'^; log = 24.9011 - 24.9005 == 0.0006 
log 1 c 1 = 0.0000; I c 1 = 1.000. 

By Descartes’ rule of signs there are no positive roots. The roots 
are —1, —2, —3. 

10.7 Graeffe’s method. Complex roots. 

I: One pair of complex roots. 

If some roots are complex, the method of the preceding article 
can be used to determine their values. Let us illustrate the 
method by the simplest case, that of a cubic with one real root 
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and two complex roots. Let the Encke roots of the given equa- 
tion be 

a, r(cos 6 -jr i sin d)j r(cos 0 f sin 0), r > 0. 

The equation whose Encke roots are the m th powders of these is 
{x + a^)[x + ^^(cos md + i sin md)][x + r”*(cos md — i sin md)] = 0, 
or 

x' + {oT + 2t^ cos md)x^ -f cos mQ)x + aV”^= 0. (3) 

If I a I > r, and m is large enough, a"" is large compared to 
2t'^ cos md and a can be computed by taking the m th root of the 
coefficient of x^. Then r can be computed from the constant term 

m 2m 

a T . 

If I a I < r, then is large compared to 2a'”r”' cos mB and r can 
be computed by taking the 2m th root of the coefficient of x. 
Then a can be computed from the constant term. 

Suppose the complex roots are u ± iv. We can compute u since 
the sum of the roots satisfies the relation 

— ai — 2u — a; 

then V can be computed from the relation + v. 

If I a I > r, and m is large, equation (3) becomes essentially 

3| 7n2ic»’wm « i m 2m 

X + a X + 2a r cos mdx + a r =0. 

For real roots, the coefficients, for m large, are to a close degree of 
approximation the squares of the coefficients in the preceding 
step. That is, all coefficients are positive. If there is a pair of 
complex roots, for the cubic, the coefficient of x, owing to the 
presence of the factor cos mdj will fluctuate in sign. 

If I a 1 < r, and m is large, equation (3) becomes essentially 

3 I rk w /k 2 I Sw I m 2m rv 

X 2r cos mdx + r x + a r =0. 

If there is a pair of complex roots, the coefficient of x^ will fluctuate 
in sign. 

11. Two pairs of complex roots. Since the presence of real roots 
neither simplifies nor complicates the procedure for finding the 
complex roots, we may confine our discussion to equations all of 
whose roots are i in agin ary. 
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Let the Encke roots of the given quartic be 

r(cos <l> :h ism 4>)j s(cos 0 zfc i sin d)j r > 0, s > 0. 

The equation whose Encke roots are the m th powers of these is 

+ 2(r'" cos m<i> + cos md)x^ 

+ cos m4> cos m6 + 

+ cos md + s’” cos m(l>)x + = 0. 

The approximate equations are: 

If r > Sj 

+ 2r’” cos mel>x^ + r^'^x^ + 2r^’”s’” cos md^x + = 0. 

r can be determined from the coefficient of and then s from 
the constant term. 

If r < s, 

+ 2s”‘ cos mdx^ + s'V + 2rV’” cos m4^x + r'V’” = 0. 

s can be determined from the coefficient of x^ and then r from 
the constant term. 

Now let the complex roots of the original equation be represented 
by Ui, zh ivi and dz iv^. The equation, with real coefficients, 

J(x) s + aix^ + a^x^ + Ozx + ^4 == 0, 

to be solved may be written 

J{x) ^ x^ — 2{ui + {t\ + r 2 + 4uiV^x? 

- 2{uir\ + u^tDx + r\r\ = 0, 

r\^u\ + v\, rl=^u\ + vl. (4) 

We can now determine Ui^ from the equations 

2u\ + 2 i 42 = — di 

2rlui + 2r\u^ = — as . 

Having found Ui and we determine vi and vt from (4). 
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III. Three pairs of complex roots. The equation which has 
the three pairs of roots 

Uj ±. ivj, j = 1, 2, 3 

is 

— 2[ui + + u^]x^ + [rl + rl + rl + 4wiW2 + 4 wi'M3 + 4:U2Uz]x* 

— [ 2 t^i(r 2 + rl) + 2 u 2 (rl + rl) + 2uz{t\ + + 9>UiU2U^x^ 

+ [rlrl + r\rl + rlr\ + 4:{uiU2rl + UiUzvl + U 2 Uzr\)]x^ 

— 2[r\rlm + + rlrluz]x + = 0. 

After we have found ri, r 2 , rg by Graeffe^s method, if we are to 
proceed as we did in the case of two complex roots, we must 
determine ui, U 2 , Uz from the equations 

2ui + 2u2 + 2uz = — 

2 (r 2 + rl)ui + 2(r? + rl)u 2 + 2(ri + rl)uz + Suiu^uz = -as 

2rlrlui + 2 rlrlu 2 + 2rir2W3 = -as. 

Elimination of ti 2 , Uz leads to a cubic in ui which can be solved. 

For four or more pairs of complex roots the problem becomes 
more difficult and will not be taken up in this course. 

Example. Find the roots of 

a;® - x' - / + 19a;" - 32a; + 30 = 0. 

The detail of the work is not shown. The transformed equations 
are arranged in the following table. 


1 

a;® 


—a;® 

+ 19a:* 

-32a: 

+30 

1 

1 

-1 

-1 

+ 19 

-32 

30 

2 

1 

3 

-25 

237 

-116 

900 

4 

1 

59 

-1.0290* 

5.5769“ 

-4.1314“ 

8.1000“ 

8 

1 

5.5390* 

-6.3482“ 

2.3556* 

8.0330” 

6.5610” 

16 

1 

4.3377’ 

1.4365’* 

6. 5761’“ 

3.3620*’ 

4.3047** 

32 

1 

1.8519‘® 

-3.6414*“ 

4.3149*’ 

0.564U2 

1.8630“’ 

64 

1 

3.4302*“ 

-2.7220“* 

1.8618’“ 

1.5744*“ 

3.4708““ 
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= 3.4302^® whence [ a 1. — 3, a = —3 
a'Vr = 1.8618'^Svhence r? = 5 
^64^128^128 _ 3,4708®^ whence rl = 2. 

The roots are —3,Ui rb ivi, U 2 zt W 2 . The sum of the roots = L 
There are two equations to determine ui, : 

2ui + 2^^2 — 3 = 1 and — 6(w2ri + Uir\) = — 32 
whence 

t6i = U2 = 1, Vi == “1 = 2, V2 — '\/tI —1 = 1 

The roots are —3, 1 d= 1 zt 2i. 

10.8 Graeffe’s method. Equal roots. There is no need to use 
Graeffe’s method for this case. If the equation has equal roots, 
these can be detected and eliminated by finding the H.C.F. of 
f{x) and f{x). However, if one has not made this test and 
elimination initially, we will now proceed to explain how the 
presence of equal roots will become evident as one progresses 
with the systematic computation by Graeffe\s method. 

Let the Encke roots of the given equation f{x) — 0 be 

a, hj c, d, • • • where |a|>|5|>|cl>|ri|>-.-. 

The equation whose Encke roots are the m th powers of the roots of 
f(x) = 0 is 

a;" + + [aVh"]x^~^ + . . . = 0 

The coefficient = 2a”"5'” -h + • • • . 

This coefficient, for m large, differs but little from 2a^b'^, 
Ordinarily when m is doubled, this coefficient, for m large, is 
approximately squared. In this case, however, there comes a 
place in the computation where at each step this coefficient is one 
half the square of the corresponding coefficient in the previous 
step, for 

I i2a%y = 

Exercises 

By Graeffe's method find the roots of 

1. ~ lire + 150 = 0 

2. - lOrc^ + 39x^ - 70a; + 50 = 0 

3. a;' + 8rc" + 21x + 18 == 0 


Ans. 

— 6, 3 ± 4f 
2 riz “f, 3 zt 2 
-3, -3, -2, 
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Find the largest real root of the following equations correct 
to two decimal places. 

Ans. 

4. a:® — 9x — 5 = 0 

3.25 

5. - 6x2 + 3a: + 5 = 0 

5.25 

6. a:^ — 4a'2 — 4a: + 12 = 0 

4.06 

7. a:2 - 2a: - 2 = 0 

1.77 

8. a:^ - 4a: - 2 = 0 

1.73 

Find the values of the real roots of 
correct to two decimal places. 

the following equations 

9. 2a:2 - 4a:2 - 10a: - 3 = 0 

3.53; -1.17; -0.36 

10. Sa:® - 12a:2 + 1 = 0 

1.44; 0.33; -0.27 

11. 5x2 - 3x2 - 6x + 3 = 0 

1.18; 0.48; -1.06 
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Chapter XI 


DETERMINANTS 

11.1 Introduction. In Chapter II we discussed determinants of 
the second and third order and their application to the solution of 
simultaneous linear equations in two and three variables. In this 
chapter we will discuss the solution of simultaneous linear equa- 
tions in n u nknowns. The solutions can be expressed sjTnbolically 
in terms of determinants of order n. 

For determinants of order two and three there is a diagrammatic 
method for obtaining the number for which the determinant 
stands. No diagrammatic method exists for determining the 
number for which a determinant of order n(n>3) stands. In 
this chapter there will be developed methods of handling deter- 
minants that will assist us in determining the number for which 
the determinant stands. 

11.2 Permutations. In elementary algebra, it is proven that 
the number of permutations, or arrangements, of n things taken n 
at a time is n! (read “n factorial”). For example, the 3! = 6 
permutations of the three letters a, h, c are as follows: 

abc, acb, bac, bca, cab, cba 

If the members of a group* are represented by letters of the Latin 
alphabet, then the group is said to be in its natural order if the 
letters occur in alphabetical sequence. Thus the group 

a g k n p s X 

is in its natural order. If the group is represented by numbers, 
then the group is in its natural order if these numbers are arranged 
in order of magnitude, the smallest first. Thus the group 

3, 7, 13, 26, 51, 83, 128 

* The word “group” is here used in. its nontechnical sense for a collection 
or set. The word “group” has also in algebra a special meaning with 
which we are not concerned here. 
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is in its natural order. Greek letters remain merely symbols 
representing numbers or Latin letters in some arrangement. 

If in a given arrangement of a group any two members are 
arranged in their natural order, whether or not they occur in 
adjacent positions, they are said to constitute a 'permanence, 
otherwise an inversion. Thus the pairs 

ah] pq] ar; hx; 1, 7; 2, 8; 5, 11 
are permanences, while the pairs 

7, 5; 3, 2; 7, 1; 101, 87; 5, a; n, c; r, k; az, ai] h, ai 
are inversions. 

The number of permanences, or inversions, of the members of a 
group can be found without duplication by comparing each 
member with every member that comes after it. For example, 
ina e g p cb the permanences are 

ae, ag, ap, ac, ah, eg, ep, gp 
and the inversions are 

ec, eh, gc, gb, pc, pb, cb 

In the permutation 5 4 1 2 3 there are 3 permanences and 7 
inversions. 

A permutation is said to be positive, or even, if it has an even 
number of inversions. For example 3 4 2 5 1 and a e g h c ha^e 
6 and 4 inversions respectively. 

A permutation is said to be negative, or odd, if it has an odd 
number of inversions. For example 5 4 1 2 3 has 7 inversions and 
aeg cb has 5 inversions. 

11.3 Theorem I : // in any permutation, two members of the 
group are interchanged, the permutation is changed either from odd to 
even, or from even to odd. 

1. Suppose that the members to be interchanged are adjacent. 
Represent the permutation by 

A a 

where A represents the sequence of all of the members that come 
before a and Z represents that of all of the members that come 
after p, while a and P are the adjacent members. Now inter- 
changing a and in no way affects the groups A and Z or the 
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relation of a and /S to the members of the groups A and Z. The 
only change is replacing by /3a. This makes but one change in 
the number of inversions. For if a/3 is a permanence, it is replaced 
by /3a, which is an inversion, and the number of inversions is 
increased by one. While if ajS is an inversion, it is replaced by /3a, 
which is a permanence, and the number of inversions is diminished 
by one. Thus the permutation if even becomes odd, and if odd 
becomes even. 

2. Suppose the members to be interchanged are not adjacent. 
Represent the permutation by 

A a N P Z 

where N represents the members of the permutation between a 
and iS. Let n be the number of the members of the group in N\ 
Interchange /3 in turn with each of the n members of the group N. 
Then with n changes in the number of inversions we arrive at the 
order 

A a ^ N Z 

Now interchange a in turn with each of the n + 1 members of the 
group (/3W). Then with n + 1 additional changes in the number 
of inversions we arrive at the order 

A P N a Z 

In all there have been 

n A- {n + 1) = 2n + I 

changes in the number of inversions. Since n is necessarily an 
integer, 2^2 + 1 is an odd number. Hence the permutation has 
been changed from odd to even or from even to odd, and the 
theorem is proved. 

Remark. This theorem may be also stated as follows: If in any 
permutation two members of the group are interchanged, the number of 
inversions is changed by an odd number. 

11.4 Theorem II: Of all the possible permutations of n things 
one half are odd and one half are even, (n > 1) 

Arrange all of the permutations in two sets. In the first set 
place all of the even permutations and in the second set place all 
of the odd permutations. Now interchange any two members. 
Every permutation in the first set now becomes odd and every 
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permutation in the second set becomes even. Taken as a whole 
we have the same permutations that w^e had originally, but 
arranged differently. That is, the number in the first set must be 
exactly equal to the number in the second set. Every member 
of the first set has moved over to the second set, but we have the 
same number of odd permutations in the second set that we had 
originally, although they may be differently arranged. 

11.5 Theorem III: If a permutation of the integers 1, •• •, n, 
can be obtained from the natural order, or can be restored to the 
natural order, by an even (odd) number of interchanges of a pair of 
numbers, it will have an even {odd) number of inversions. 

The natural order has no inversions. Each interchange of a 
pair of numbers introduces an odd number of inversions. Then an 
even number of interchanges will bring about an even number of 
inversions since an even number of odd numbers is even; and an 
odd number of interchanges will bring about an odd number of 
inversions since an odd number of odd numbers is odd. 

11.6 Definition of a determinant of order n. A square array of 
elements consisting of n rows and n columns is called a square 
matrix of order n, and a certain rational function (to be described 
presently) of these elements is called a determinant of order n. 
Taking n letters 

a, b, c, • • • , Z, 

we may exhibit the elements of a determinant of order n and indi- 
cate the determinant as follows: 



Ui 

bi 

Cl 

... h 


U 2 

h 

C2 

... h 

A = 

^3 

bz 

cz 

... h 


Un 

bn 

Cn 

In 

Another notation coinmoiily 

used is as 

follows: 


flu 

Ui- 

Ul3 

* * ‘ Uin 


flu 

U22 

Ooz 

U 2 n 

D = 

U31 

U32 

U33 

U 3 n 


Uni 

Un 2 

Un 3 

’ ■ ‘ Cl nn 


( 2 ) 
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wherein the first subscript refers to the row in which the element is 
located and the second subscript refers to the column. When this 
notation is used, one should not, of course, read an as “a subscript 
eleven but as “a subscript one^ or more conveniently as 

one, one.’' 

Write down all of the products that can be formed by taking as 
factors one, and only one, element from each row and each column. 
There will be n! such products. Of these products one half 
involves (in a sense to be described) the even permutations, and 
one half involves the odd permutations. 

In order to determine the sign of a particular product of the 
expansion of (1) arrange the factors in alphabetical order and then 
count the number of inversions of subscripts. The sign of the 
term is positive if the number of inversions is even and negative 
if the number of inversions is odd. 

If we are considering the expansion of (2), the rule for deter- 
mining the sign of a term becomes; arrange the factors so that the 
subscripts that indicate the row are in their natural order, then 
the sign of the term is positive (negative) if the number of inver- 
sions on the subscripts that indicate the column is even (odd). 

The sequence of elements ai>^cz • • • Zn is called the principal 
diagonal of (1), and the term UibsCa • • • Zn is called the principal 
diagonal term of the expansion. In this term the letters are in 
their natural order, the subscripts are also in their natural order, 
and the term is positive. All other terms in the expansion of (1) 
can be obtained from this principal diagonal by permuting the 
subscripts. 

Example, Determine the sign of 64^3^10265. Rearrange so 
that the letters are in their natural order. We have ajbicAez- 
Now count the inversions in the subscripts 3 4 2 1 5. There are 
five inversions; hence the term is negative. 

Exercises 

1. In a determinant of the fourth order, find the signs of the 
terms: 

6304(^2; U261C4CZ3; U461C3CZ2; U361C4CZ2 

2. In a determinant of the fifth order, find the signs of the terms: 

6306^264) ^26401^365; 0^1026465^3; (^563^20164 

3. In determinant (4) of order 4, write out all of the terms with 
their proper signs that contain a^. 
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4. If aihzCsdie 5 is one term of the determinant (1) of order 5, 
write out all of the terms with their proper signs that contain 

dJOlCi. 

5. If aib2C3d4eBf6 is one term of the determinant (1) of order 6, 
write out all of the terms with their proper signs that contain 


Properties of Determinants 

11.7 Theorem IV : The value of a determinant is not changed if 
the rows are changed into corresponding columns and the columns into 
corresponding rows] or^ more briefly, if rows and columns are 
interchanged. 

Consider the determinant 


dll 

ai2 

Ol3 

• din 

a^i 

a22 

023 

• 02 n 

dsi 

032 

O 33 

• dsn 

dnl 

an2 

OnS 

’ * dnn 


If rows and columns are interchanged, we have 


dll 

O21 

O31 • • • 

dnl 

dl2 

O22 

O32 * • • 

dn2 

du 

d2Z 

O33 • • ' 

d-nZ 

din 

d2n 

d3n 

dnn 


(3) 


(4) 


We observe that Di can be obtained from D by replacing a^ by 
dji. A term of D is 

( 1) 0^1ci^2c2^3c3 * * ' 

The first subscripts are in their natural order. The second 
subscripts 

Cl, C2, C3, • • • , Cn (6) 

are the integers 1 , 2, • • • , n, but in an arbitrary order. The 
series (6) has, let us say, i inversions and hence the sign in (5) is 

(-ir- 

By the substitution of a/* for a^-y, (5) becomes 

{—ly ac^idc^^ac^z ■ • • ac„n 0) 

But (7) is a term of the expansion of Di and ( — 1)* is the proper 
sign. For the sign, by definition, is determined by the number of 
inversions on the subscripts which indicate the column when the 
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subscripts that indicate the row are in their natural order. Now in 
(7) it is the second subscript that indicates the row, and these 
subscripts are in their natural order, while the first subscripts 
indicate the column and these subscripts are the same set (6), in 
the same order that they appear in (5). There being by assump- 
tion i inversions in the set (5), the sign in (7) must be ( — 1)", the 
same as in (5). Hence every term that appears in D appears in 
Di and with the same sign. 

11.8 Interchange of two columns. Theorem V: If any two 

columns of a determinant are interchanged, the sign of the determinant 
is changed. 

Let Ai be the determinant obtained from A by the interchange of 
the z-th and j-th columns. The terms of Ai can be obtained from 
those of A by interchanging the subscripts i and j. By theorem I 
this changes the sign of every term. Hence Ai = ~ A. 


11.9 Interchange of two rows. Theorem VI : If any two rows of 
a determinant are interchanged the sign of the determinant is changed. 

Let S) be obtained from A by changing columns into rows, then 
2) = A. Let Ai be obtained from A by an interchange of two 
columns, say the f-th and j-th, then A = — Ai. Let 2)i be obtained 
from Ai by interchanging columns and rows, then 2)i = Ai. 
Whence 3) — -"3)i and 2)i can be obtained from 2) by an inter- 
change of the ^-th and j-th rows. 

11.10 Two rows (columns) alike. Theorem VII: If two rows 
(columns) are alike the value of the determinant is zero. 

For by interchanging the two like rows (columns), the deter- 
minant is unchanged in value, but must change in sign. Hence 

D ^ -D 

whence 


D = 0. 


11-11 Theorem VIII: Multiplying each element of a column 
(row) of a determinant by a given factor multiplies the determinant 
by that factor; that is, 


rnai 

h ■ 

■■ h 


ai 

hi ■ 

• • h 

ma2 

h ■ 

■■ h 

= m 

a^ 

b, ■ 

■ ■ h 

man 

bn ■ 

■■ In 


an 

bn ■■ 

■■ In 
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This follows immediately from the definition of a determinant. 
Every term in the expansion contains one and only one element 
from the column (or row) in question. If each element of this 
column is multiplied by a given factor, each term of the expansion 
will be multiplied by the same factor; and hence, the determinant 
will be multiplied by the given factor. 

Corollary I: If each element of a column (row) of a determinant 
is zero, the determinant vanishes. 

Corollary II : If the signs of all the elements in any column (row) 
are changed, the sign of the determinant is changed. For this is 
equivalent to multiplying by the factor —1. 


1. Show that 


Exercises 


2 

1 

3 

4 


6 6 1 

4 3 2 

2 9 4 

1 12 3 


= 0 ; 


9 8 0 7 5! 

3 0 1 5 6 = 0 

2 14 3 2 

8 7 6 5 1 

4 2 8 6 4 


2. Show that 


2 

6 

1 

2 


1 

2 

1 

2 

4 

12 

1 

0 

= 6 

2 

4 

1 

0 

6 

3 

0 

1 


3 

1 

0 

1 

10 

9 

2 

3 


5 

3 

2 

3 


3. Show that 


he 

a 

(X 


1 

a* 

a^ 

ca 

h 

h^ 


1 


h^ 

ah 

c 

(? 


1 

•) 

c 

3 

C 


Hint: Multiply the rows by a, 6, c respectively and divide the 
first column by ahc. 

4. Show that 


hcd a a^ 
cda h 
dab c ^ 
ahc d 

5. Show that 

1 1 1 

ahc 

2 7 2 2 

a 0 c 


a® 


1 



a^ 


= 

1 


CO 


c* 


1 


c 

4 

c 



1 

d" 

CO 

d^ 


(b — c)(c — a)(a — h) 
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If a = fe, the determinant vanishes; hence by the factor theorem 
(§6.2), a — 6 is a factor. In like manner c — a and b — c are 
factors. The principal diagonal is +6c*. Arrange the signs of 
the factors so that +i»c* is one term of the expansion. 

6. Show that 

1111 

a b c d = (c — 6)(a — d)(c — o)(6 — d)(a — b){c — d) 
a' 6' d' 

6* c® dt 

7. Show that 

4 2 5 10 
116 3 

7 3 0 5 

0 2 5 8 

8. Show that 

1 1 ••• 1 

Ctl 0,2 • • • On 

2 2 _2 

di d2 ■ * * 


where the symbol JJ means to form the product of all factors of 
the type indicated, for the subscripts taking on all values from 1 to 
n, but always with i > j. 

9. Show that 

2 4 10 5 1 1 1 1 

01 43 = 058 12 

7 2 5 5 7 1 1 2 

3 0 1 4 15 0 1 8 

10. Show that 

2 0 2 1 1 0 6 4 

3440^1880 
6 6 7 6 1 6 7 8 

8 4 4 5 1 3 3 5 




1 

1 

1 

1 


6 

10 

24 

6 


7 

6 

0 

2 


0 

5 

5 

4 
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11.12 Minors: When in a determinant any number of rows and 
the same number of columns are suppressed, the determinant 
formed by the remaining elements (maintaining their relative 
positions) is called a minor determinant 

If one row and one column are suppressed, the corresponding 
minor is called a first minor. If two rows and two columns are 
suppressed, the corresponding minor is called a second minor] and 
so on. The suppressed rows and columns have common elements 
which form a determinant, and the minor that remains is said 
to be complementary to this determinant. The minor comple- 
mentary to the leading element ai is called the leading first minor] 
and its leading first minor is called the leading second minor of the 
original determinant. 

The upper left-hand corner of a determinant, usually occupied 
by an , will be called the leading position. 

An element, a^- / , in the z-th row and fith column may be brought 
into the leading position hji— 1 interchanges of adjacent rows 
and i — 1 interchanges of adjacent columns. Since each such 
interchange changes the sign of the determinant, the resulting 
determinant will be positive or negative according as i + j — 2, 
the total number of interchanges, is even or odd; that is, according 
as i + j is even or odd. 

The co-factor of any element a*/ of a determinant may be found 
by bringing that element into the leading position and then sup- 
pressing the first row and column. The co-factor so obtained will 
be positive or negative according as i + j is even or odd. The 
process of bringing aij into the leading position does not in any 
way change the relative position of the elements in the remaining 
rows and columns. Hence, in order to find the co-factor of an 
element at/, suppress the row and column containing and give 
the resulting determinant the positive or negative sign according 
as ^ + j is even or odd. 

The co-factor of an element a*/ is represented by the symbol 
Aij. The sign of this co-factor is (— but the symbol An 
is generally considered as including the sign and is accordingly 
written as positive. 

The co-factors of the various elements of 


an 

ai2 

ai3 

(hi 

022 

^23 

asi 

^32 

azz 
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are as follows: 


a%2 

023 

1 

II 

O 2 I 

a23 

11 

a2i 

a22 

^52 

dzB 

dzi 

ags 

dzi 

a32 

U 12 

diz 

II 

(M 

ail 

ai3 

; i 4.23 — ““ 

an 

ai2 

U 32 

cizz 

a3i 

a33 

asi 

a32 

U 12 

aiz 

to 

11 

1 

ail 

ai3 

; A33 = 

an 

ai2 

U 22 

Oj2Z 

a2i 

a23 

a2i 

a22 


11.13 Expansion of a determinant according to the elements of a 
row or column. Since every term of any determinant, A, con- 
tains one, and only one, element from each row and from each 
column, it follows that A is a linear homogeneous function of the 
elements of any one row or any one column. 

For example, in 


ai 

fei 

Cl 

a2 

^2 

C 2 

az 

bz 

Cz 


if we denote the co-factor of any element by the corresponding 
capital letter, so that is the co-factor of ai, Bi is the co-factor 
of 51 , etc., we have 

D == aiAi -h hiBi -f- CiCi, D = (XiAi -|- CI 2 A 2 "j~ ctaAs, 

Z) = CL2A2 *f“ 52R2 “{“ 02(^2, D = hiBi -j- 62R2 “f" 

D = asAs + buBz + C 3 C 3 , D = CiCi + C 2 C 2 + C 3 C 3 . 

The algebraic sum of the (n — 1)! terms of A which contain the 
element aij is aijAij. 

The algebraic sum of all the terms which contain tiie successive 
elements 


Uii, (li2j ■ * * 7 

of the t-th row, are respectively 

dilAiij Cli^Ai'lj ClizAiZj ■ * * , O'inA in. 

Each of these n sums contains (n — 1)! terms each of which 
is a term of the determinant A. There are then in all n(n — 1 )! = 
n\ different terms. These are the n\ terms of the expansion of A. 
Hence 

A = ciiiAii 4" atoAi2 + ctizAis dinAin- 
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In a similar manner it may be shown that 

A = aijAi; + <22 3^2; + azjAzi -f- - • • + anjAnj^ 

In particular 

A = aiiAu H~ ai 2 Ai 2 + c^isAia au^Ain and 

A = diiAii + a2lA2l + <^3 iA 31 ^ . -f- aniAni. 

11.14 Laplace’s development of a determinant. 

Definition. If h rows and h columns of a determinant of the 
n-th order are deleted, the determinant of order n — k formed 
of the (n — kfi remaining elements is called a /c-th minor of the 
given determinant. 

Complementary minors: Any k-th. minor of a determinant, and 
the determinant formed of the k^ elements common to the k rows 
and k columns deleted in forming this A:-th minor, are called, 
with respect to each other, complementary minors of the given 
determinant. 

Theorem IX: The product of any two complementary minors, or 
else the negative of this expression, consists of terms which are found 
in the development of the original determinant 

Let the original determinant of order n be represented by A. 
Let the two complementary minors be represented by Ph and 
Pn-k of orders k and n ^ k respectively. Transpose the rows 
and columns of A which contain the elements of P&, so that they 
become in order the first k rows and columns of a new deter- 
minant Ai. Suppose that this necessitates r interchanges of rows 
and s interchanges of columns. Then 

A = (-ir^^Ai. 

The determinant containing {n — kfi elements that occupies 
the lower right-hand corner of Ai is the minor Pn-*. 

Develop the product P^Pn-k- Each term in this development 
will be the product of a term in the expansion of Pk and a term 
in the expansion of Pn-k- But each term in the expansion of Ph 
contains an element from each of the first k rows and one element 
from each of the first k columns of Ai, while each term in the 
expansion of Pn~k contains an element from each of the last n ~ k 
rows and one element from each of the last n — k columns of Ai. 
Thus each term in the product Pk'Pn-k contains one element 
from each of the n rows and one element from each of the n 
columns of Ai and therefore is a term in the expansion of Ai. 
Hence, save posvsibly for a change of sign throughout, each term 
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in the product Pk-Pn^k is a term in the expansion of A. It follows 
that the product 

is composed of terms in the development of A. For, in the de- 
velopment of A, the only factors by which Pk is multiplied are 
the terms in the expansion of Pn-^k and the sign factor ( — 1)*’“^®. 
Hence, in the determinant A, the minor P* has the co-factor 

Theorem X: If any k rows (or columns) of a determinant of order 
n he selected, and every possible minor of order k he formed from 
them, the expansion of the original determinant is obtained hy multi- 
plying each of these minors of order k hy its co-factor and taking the 
algebraic sum of these products. 

The given determinant is of order n. Its expansion contains n\ 
terms. The number of different minors of order k which can be 
formed from the k rows selected is 

n! 

k\{n - k)V 


The expansion of each minor contains k\ terms; the expansion of 
its co-factor contains (n — k) ! terms. Thus the product of each 
minor by its co-factor contains k\{n — k) \ terms. Then the sum 
of all the products that can be formed by multiplying each of the 
different minors by its co-factor contains 


k\{n - k)\X 


nl 

k\{n — fc)! 


nl 


different terms, all of which are terms in the expansion of the given 
determinant of order n. 

Example. 


ai 

61 

Cl 

di 


Us 

62 

c% 

ds 


as 

63 

Cz 

dz 


U4 

64 

C4 

di 


Ui 

61 


C 2 

dz 

U4 

64 


Cz 

ds 

az 

hs 


Cl 

di 

U4 

hi 


Cs 

dz 


ai hi 
U2 ^2 


C3 ds 
C4 d4 


<Zi hi 
as bs 


C2 ^2 
C4 d4 


j Us 62 


Cl di 


dz hz 


Cl di 

1 U3 bz 


Ci di 


di hi 


dz 
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Exercises 


Show that: 

1 . I 2 ( 


2 

0 

0 

0 


5 . 

7 

2 

8 

-2 

5 

3 

0 

0 

= 24 


1 

4 

-3 

1 

-1 

2 

4 

0 


3 

0 

4 

-1 

0 

5 

3 

1 



4 

6 

-8 

2 






6 . 

|0 

1 

1 1 

1 | 


2 . 

1 

3 

0 



2 

1 

0 

= 


1 

2 

3 


3 . 

0 


0 

2 


0 


2 

-1 


2 

— 

•1 

0 


0 


8 

0 


8 


0 

8 

4 . 

2 

7 

5 

6 


1 

1 

3 

1 


1 

5 

4 

3 


4 

7 

6 

5 

9 . 

0 

a; 

y 

z 


X 

0 

z 

y 


y 

z 

0 

X 


z 

y 

X 

0 

10 . 

0 

c 

h 

d 


c 

0 

a 

e 


h 

a 

0 

f 


d 

e 

/ 

0 


= -15 


2-1 0 
1 0 0 

0 0 0 =0 


10 111 
110 11 
1110 1 
11110 

7 . 1 1 1 0 

110 1 ^ 
10 11 

0 111 

8 . 8 7 2 20 

3 14 7 

5 0 11 0 

8 10 6 


X V 2/' + 2" - 22 /V - 23V - 2 xY 


= a a + oe -\- c f — 2bcef — 2acdf — 2ahde 


11 . 

0 

1 

1 

1 

12 . 

1 

15 

14 

4 


1 

0 

9 

4 


12 

6 

7 

9 


1 

9 

0 

1 


8 

10 

11 

5 


1 

4 

1 

0 


13 

3 

2 

16 


Use Laplace's method to evaluate the following: 


1 

2 

3 

4 


0 

0 

3 

1 

0 

3 

1 

0 


0 

0 

5 

6 

3 

1 

2 

1 


1 

4 

2 

3 

0 

5 

6 

0 


3 

1 

1 

2 
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14. 


15. 


4 2 0 0 
13 0 0 

5 6 4 2 
7 8 13 


16. 


17. 

-1 

0 

4 

1 

3 


2 

3 

5 

2 

2 

= 100 

4 

6 

0 

3 

1 


0 

0 

0 

3 

2 


0 

0 

0 

2 

2 


= 60 


1 2 0 
4 1 0 
1 3 2 


0 0 0 0 1 


0 0 0 
0 0 0 


18. 


= 42 


1 2 3 6 9 
3 12 4 5 

2 3 15 5 
0 0 0 3 1 
0 0 0 2 1 


19. 


20 . 


2 
1 
3 
1 
2 
5 

X 

-1 

0 

0 

(oti - 
(a2 - 
(as - 


•2 

3 
5 
1 

4 


1 6 


0 

X 

-1 

0 


0 0 0 
0 0 0 
0 0 0 
3 2 4 
7 6 1 
5 3 si 

0 as 


= -84 


0 a2 

X ai 

— 1 Clo 


= ciox^ + (Zix^ “H CI2X - 4 “ as 


18 


5i)" (ai 
(a2 

bi)“ (as 


(ai — h^y 
h^y (a 2 — 63 )^ 
hy (as - hsy 


== 2(ai — a2)(a2 — as) 

(as - ai) 
( 5 i - h2)(h2 - hs) 

(hs - 5i). 


11.15 Addition of determinants. A determinant that has 


ai + aij Gi + 0^2, as + as, . . . , a„ 4” 

as elements of the first column is equal to the sum of the determinant 
having ai, as, as, • • • , an as the elements of the first column and the 
determinant having ai, <^ 2 , as, • • • , a„ as the elements of the first 
column while the remaining elements are the same in all three deter- 
minants. 

Let the given determinant be represented by D\ 

ai -f- ai hi Cl - • . 

as -f- CX2 h'i C 2 • • ■ 

as + as bs Cs • • • . 

Gn + an hn Cn • • • j 


D = 
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Expanding in terms of elements of the first column, we have 
D = . (ai + q'i)Ai + (a2 + 012)^2 + {clz + oiz)Az 

+ • • • + (an + an) An 

= (aiAx 4" (i^A2 + azAz + • • • “h anA-n) 

+ (oiiAx + a^A^. + 0:3^3 4 “ • • • + CtnAn) 


ai 

h 

Cl • • • 


Oil 

bx 

Cl • • • 

CI2 

^>2 

C2 • • • 


a 2 

62 

C 2 • • • 

U3 

h 

C3 • • • 


OiZ 

63 

Cz ... 

On 

hn 

Cn * • * 


Oin 

bn 

Cn * * * 


which proves the proposition. 


11.16 Addition of columns (or rows): A determinant is un- 
changed in value if to the elements of any column (row) are added 
any arbitrary (hut fixed) multiple of the elements of any other given 
column (row). For 


ai "h nhi hi Ci • • • 

02 ” 1 ” nh2 &2 C 2 • * • 

a-z + nhz hz Cz • • • 


ai 

bx 

Cl • • • 


bx 

bx 

Cl • • • 

02 

h 

C2 * * • 

+ n 

hi 

&2 

C2 • * • 

O3 

h 

C 3 • • • 

bs 

bs 

C3 • • • 


and the last determinant vanishes, since two columns are alike. 
Example. 


1 

1 

-5 

ii 

1 

-5 

3 

2 

-5 

= 1 2 

1 

1 

0 

2 

.^1 

-4 

2 

-1 

-4 




j - 

1 0 

-5 




= 

2 1 

0 


4 0-4 


by subtracting the first row 
from the second, 

by adding the second row to the 
third row and subtracting the 
second row from the first row. 


= 4 + 20 == 24. 


Show that 

1 . 1 1 1 1 
12 2 2 
12 3 3 
12 3 4 


2 . 


1111 

12 3 4 

13 3 4 

14 4 5 


Exercises 
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3. 

1 

2 

3 

4 


4. 

1 

1 

1 

1 


2 

3 

4 

5 

= 0 


1 

-1 

-1 

1 


3 

4 

5 

6 


1 

-1 

1 

-1 


4 

5 

6 

7 



1 

1 

-1 

-1 


16 


5. 

5 

6 2 3 4 





8 

7 3 4 5 





10 

5 4 5 6 

= 

0 


12 

4 5 6 7 





1 

8 6 7 8 




6. 

0 

1 2 

3 


4 


-1 

0 -5 - 

4 


-3 


-2 

5 0 

1 


-2 


-3 

4 -1 

0 


-1 


-4 

3 2 

1 


0 

7. 

6 

1 1 

— 

1 



13 

-3 -1 - 

-22 



7 

7 -4 


9 



14 

-5 -8 - 

-13 


8. 

7 

-2 0 

5 




-2 

6 -2 

2 




0 

-2 5 

3 




5 

2 3 

4 



9. 

10 

18 1 14 

22 



4 

12 25 8 

16 



23 

6 19 2 

15 

= 


17 

5 13 21 


9 



11 

24 7 20 


3 



= -972 


= -4680000 


10 . 


8 7 2 20 

3 14 7 

5 0 11 0 

8 10 6 


2188 


11. 

-1 

1 1 1 

12. 

4 

3 

0 

0 


1 

-1 1 1 

= -16 

-1 

3 

2 

0 


1 

1 -1 1 

0 

-1 

2 

1 


1 

1 1 -1 


0 

0 

-1 

1 


= 53 
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13. 


X 

-1 

0 

0 

0 


0 

X 

-1 

0 

0 


0 

0 

X 

-1 

0 


0 a4 
0 dz 

0 a2 

X ai 
-1 Oo 


== (IqX^ -f" CLiX^ -f* 02^^ "f" ClzX “f- CLa 


11.17 n linear equations in n unknowns, D ^ 0. Let there be 
given the system 

0>llXi + 0 ^ 123^2 + * * * + d\nXn = Cl 


( 8 ) 


ClnlXl + (lnlX2 -j- . . . ClnvXn = Cn 

in which the determinant D of the coefl&cients is not zero. 

1 0^11 Ui2 • • • din I 


Then 


D = 


Dxi = 




1 dnl dn 2 

' * * <^nn { 


0.11X1 

ai 2 

• • din 


dnlXi 

dn 2 

' ' dnn 


Add to the elements in the first column times the elements 
in the second column, • • • , Xi times the elements in the i-th 
column, • • • , and Xn times the elements in the last column. This 
gives us 

diiXi 4" < 112 X 2 + • • • + CllnXn CI 12 • • • din 


D‘Xi = 


UnlXi + dn2X2 + • • • + <^nnXn dn2 ' ’ ' df 

because of equations (8). 


Cl 

di2 

din 

Cn 

dn2 

’ * dnn 


Whence 


Xi 


Cl 

di2 

Cn 

dnl 


din 

dnn 


D 


= ^ (this equation defines Ci). 


In like manner 

X2 = G 2 /D; . . . ; 3;,- - Ci/D; • . - ; x. = Cn/D 
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where Ci is obtained from D by substituting Ci, • • ■ , c„ for au, 

* • * > 0/ni' 

That these values of Xi satisfy equations (8) can be established 
by direct substitution for 

OjuCi — Ux2C^2 ' ‘ ' — 0/irX^n 

may be regarded as the expansion of the following determinant 
of order n + 1, in terms of the elements of its ^-th row 

Cl ail Ui2 * • ■ Uin 
C2 U 21 U 22 * • ■ U2n 

( 1) Ct an ai2 • • ' ain 

Ci an an • * • ain 

Cn 0/nl 

(by suitably rearranging the columns in C 2 , Cz, • • • , Cn), and the 
determinant vanishes, since two rows are alike. So the solution 
of (8) is given by 

Xi = Ci/D ^ n) (9) 


Exercises 

Solve by determinants the following systems of equations : 


1 . z + y + z = 10 
2x + y — z = 11 

X + 2y — 3z = 5 

2 . X — y + z = 2 
X + y — Bz = 4c 

2x + y — 8z = 6 

3. X — y — z — 0 
x — 2y + z = 0 

2x + y — 8z = 2 

4. x+y-\-z-i-w = 5 
x — 2y + 2z + w = 4: 

2x — y + z — 2w = 9 
3a: + y ~ 2z + 3w = S 

5. x+y+z+w = S 
2x + y — 6z + Ow = 1 

X + 2y ~ 5z + 5w = 1 
X — 2y + 3z + w — 1 


6 . a;+ y + z + w — 4 

X y + z — w = 2 

X + 2y + 2z — w — 0 
x+ y+ z =2 

1, X ?/+ 2 + w = 4 

X y '4~ 2z =3 

y + 2z + w = 2 

X — y — ^ = 3 

8. X + y +u; = l 

y + z == 1 

^ + w = 4 

X + w — 8 

9. z + y + z =4 

y + 3 + ty = 0 

X - 4 - z w = 4 

X + y + 2w ^ 0 
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11.18 Rank of a determinant. In a determinant D of order n 
let us erase (n — r) rows and (n — r) columns; the determinant of 
order r that remains is an r-rowed minor of D. If in a deter- 
minant of order n, there is one r-rowed minor, 0 < r < n, 
which does not vanish, while every (r ■+ l)“rowed minor does 
vanish, then D is said to be of rank r. 

n linear equations inn unknowns, B = 0. 

Theorepa XI: Let the determinant D of the coefficients of the 
unknowns in equations (8) he of rank r,r < n. 

Consider the determinants S of order r + 1 obtained from the 
(r + 1) -rowed minors of D by replacing the elements of any 
column by the corresponding constants Ci. 

(1) If these determinants S are not all zeroy the equations are in- 
consistent, 

(2) If all of these determinants S vanish, then the r equations 
containing the elements of a nonvanishing r- rowed minor of D 
determine r of the unknowns linearly in terms of the remaining n -- r 
unknowns and these expressions for the r unknowns satisfy the 
remaining {n — r) equations. 

Proof: One can rearrange the order of the equations (8) and the 
order of the variables in the equations so that 


dll 

drl 


... air 


arr 


is a nonvanishing r-rowed minor of D. 


The elements of this r-rowed minor are taken from the first r of 
equations (8). Let 

dslXi ”1“ “t" * * ' “H dgriXn ~ C^ 

be any one of the remaining {n — r) equations in (8). Place this 
equation as the (r + l)th of equations (8). It may then be 
represented by 

Uj-fll Xi 1 ar-{-l2 ^2 1 ... — }- ar-j^ln X n • 

Let R represent any (r + 1) -rowed determinant whose elements 
are taken from the following array of elements: 


Uii • 

• air • 

. din 

art 

. Orr 

• drn 

CLrJrl 1 ■ • 

Ur-f 1 r • • 

<Xr-f 1 n 


( 10 ) 
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Then B = 0, since D is of rank r. 

Define /Si as follows: 

On ■ • • ®lr Cl 

drl * * ' ®rr Cr 

Qr+ll * * • dr+lrCr+l 

Si is an S. We assume >Si 0 
Let Cl, (72 • “ , Cr-fi be the minors of Ci, C2, • • • , Cr+i in Si. 
Multiply the first (r + 1) equations (8) by Ci, — C2 , • • • , ( — 1)*^ 
Cr+i respectively and add. We have 

[<3^11 Cl — Usi C 2 + • • * + (— l)^ar+ll Cr+ljxi + . . . 

+ [^17 Cl — C2 + • • • + {—lyar^ij Cr+i]a:y + • • • 

+ [din Cl — ttsn C 2 4“ • • • +(“•!) dr+ln Cr+l]Xn 

= Cl Cl — C2 C2 + • * • + ( — l)’^Cr+l Cr+1 = >Si 5 *^ 0 . 

But the coefficient of Xj is 

(111 • • • dir dii 

drl • • • drr drj 

dr+l 1 • • • dr-fl r Q'r-^l 3 

being an S if j > r, and having two like columns if j < r. 

Hence 0 = /Si; that is, for consistency we must have Si = 0 . 
But we have assumed Si 9 ^ 0. Therefore the equations are incon- 
sistent, and we have proved the first part of the theorem. 

Suppose all of the determinants R and S vanish and that 
Cr-i-i 7*^ 0. Let 

Ej = diixi 4 - a, 2X2 4- ... 4- ajr^n — c,-; 

then 

CiEi — C 2 E 2 4* ( — l)’^Cr+i^7r+l “ i /Si. 

But by the assumption Si = 0. So Er^i is a linear combination 
of JSi, • . . , Ef. That is, the (r 4” l)st equation is a linear combi- 
nation of the first r equations and so is satisfied by any set of 
solutions of the first r equations. This (r 4“ l)st equation was 
any one of the remaining {n — r) equations. Since Cr+i 9 ^ 0, 
the first r equations determine Xi^ • • • , Xr linearly in terms of the 
ti — r remaining x’s by (9). 
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Exercises 

Discuss the following sets of equations: 

1. 3a: — 22/+ 25+ 6 = 0 Three planes with a common 

2x by — Zz — 2 = 0 line of intersection. Con- 

4a: — 92/ + 52 + 14 = 0 sistent. 


2a: — 22/ — 22 = 5 
a: + 22/ + 32 = 4 


Two parallel planes cut by a 
third plane. Inconsistent. 


3. a: + 2/ — 22 = 3 
2a: + 2^/ — 42 = 6 
3a: + 32/ — 62 = 9 


Three coincident planes. 
Consistent. 


4. a: + 22/ — 2 = 3 
a: + 22/ — 2 = 4 
2a: + 42/ — 22 = 3 


Three parallel planes. Incon- 
sistent. 


5. —4a: — 52/ + 2 = 7 The three planes bound a 

2a: + 32 = 10 triangular prism. Inconsist- 

— 52/ + 72 = 3 ent. 


6. X + y z = 1 The three planes bound a 

5a: — y — 2 = 6 triangular prism. Inconsist- 

•jx + 2/ — 32 = 10 ent. 


11.19 Homogeneous linear equations. When ci, C 2 , * j Cn in 

equations (8) are all zero, the equations are called homogeneous. 
Obviously equations (8) now have the solution a:i = 3:2 = • • • = 
a:n = 0. From (9) this solution is unique if D 0. 

If D = 0, theorem XI takes the following form: 

If the determinant D of the coefficients of n homogeneous linear 
equations in n unknowns is of rank r,r < n, the r equations involving 
the elements of a nonvanishing r-rowed minor of D determine 
uniquely r of the unknowns as linear functions of the remaining 
n — r unknowns, which can he assigned arbitrary values, and these 
values of these r unknowns satisfy the remaining n — r equations. 
Example: 

X — y — z — 0 1 —1 —1 

2a:— 2/ — 42 = 0 D = 2 —1 —4 =0. D is of rank 2. 

3x — 52/ + 2 = 0 3 —5 1 

From the first two equations x — Zz; y = 2z, and these values 
substituted in Zx — by + z = 0 satisfy the equation. We can 
assign to 2 any arbitrary value. 
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Exercises 

Discuss the following homogeneous systems : 


1. X — y — z = 0 

2x — + z = 0 

Zx — 2 ^ — 62 = 0 

Rank 2; x:y:z = 4:3:1 

2 . 2x — 2y — Zz — 0 

X + 2y — ^z — 0 
X — 2y =0 

Rank 2 ; x:y:z = 6:3:2 

3. 2x — Zy + z = 0 
4a: — ^y + 2z = Q 

lOo: — Iby + 5^ = 0 
Rank 1 ; two unknowns 
arbitrary 


4. X y — z —■ w — 0 

2x + Zy — 2z ~ — 0 

Zx + 2y — Zz — w = 0 

2x + 2y — z — 6w = 0 

Rank 3; 

x:y:z:w — 3:2:4:1 

5 . X +■ y — Zz — 4,w — 0 

2x — Zy — z — Zw ^ Q 

X — y — z — 2w = 0 

x + 2y — 4cZ — dw — 0 

Rank 2 ; x == 22 : + 3ty 
y = z + w 


6 . a: — y + 2 — 3w; = 0 

X — 2y + 2z — 2w = Q 

X — 2y + z =0 

y + 2 “ = 0 

Rank 3; x: 2 /: 2 :'w? = 4:3:2:1 


11.20 Matrices, Definition I: A system of mn quantities 
arranged in a rectangular array of m rows and n columns is called a 
matrix and in particular a inatrix of order mn, or anmhy n matrix. 
Definition II: A matrix is said to be of rank r if it contains at 
least one r-rowed square minor whose determinant is not zero, while 
the determinant of every square minor of order higher than r, which 
the matrix contains, is zero. 

Let the coefficients of the unknowns in any set of linear equations 


Una:i + • • • + ainXn = Ci 


afnlX\ “ 1 ~ • • • amnXn — Cm 


( 11 ) 


be arranged in the order in which they occur in the equations. 
We obtain a matrix which we denote by A. 
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The matrix obtained from A by adding the column composed of 
the constant terms Ci, • • • , in the above equations is called the 
augmented matrix and will be denoted by C. 


Uii 

* • Cl 

ami 

• • a-mn 


11.21 m linear equations in n unknowns. We can determine 
whether the given equations are consistent or not by making use 
of the following theorem: 

Theorem XII: A necessary and sufficient condition for a system of 
m linear equations in n unknowns to be consistent is that the matrix 
of the system have the same rank as the augmented matrix m > n. 

If the rank of both matrices is r, the values of n ~ r of the unknowns 
may be assigned at 'pleasure and the others will then he uniquely 
determined, provided that the matrix of the coefficients of the remaining 
r unknowns is of rank r. 

By Theorem XI part (1) the equations (11) are inconsistent if C 
is of rank r + 1 and A is of rank less than r + 1. By the second 
part of Theorem XI, if A and C are both ©f rank r, all of m 
equations are linear combinations of r of them. Note that the 
rank of C cannot be less than that of A since every determinant in 
A is in C. 

If the equations are consistent and the rank of the matrix A is 
r , we find a certain r of the unknowns linearly in terms of the 
remaining (n — r) unknowns. Substitute these values of these r 
unknowns in the remaining m -- r equations and it will be seen 
that the equations are satisfied. 

Corollary. Any system o/ ?^ + 1 equations in n unknowns is 
inconsistent if the determinant of order n + 1 formed from the 
augmented matrix is not zero. 

Example 1 : The equations 

X + 2 / == 5 

2x — y ~ 4 are inconsistent since 

2x — 3y = I 

Example Solve the system 

2x — 2 / + 32! = 1 

4x — 2y — z — —3 

2x — y — 4z = “4 

lOx — by -- ^z ^ —10 


1 1 
2 -1 
2 -3 


-3 0 
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The first two equations can be solved for x and z in terms of y. 
We find 


Substitution of these values of x and z in the two remaining 
equations shows that they are satisfied. Hence the system is 
consistent. Any arbitrary value y\ may be assigned to y. Then 
the solution is 


V = 2/i; 


X — 


7yi - 8. 


14 


z = 


5 

7’ 


Exercises 


Discuss the following systems of equations: 


1 . 

2x — y — 2 : = 3 
X — y + 2z = Z 
2x — 2y -- 2 = 1 


The rank of A is 3 

The rank of C is 3 consistent. 

a: = 3, 2 / = 2, 2 = 1 


2 . 2x 82 / = k9 

X + 2 / = 8 

X - y = I 

3. X + 2y + z = 7 

2x + i.y — z — S 

X + 2y — 2z = 1 
Sx + dy — 5z = 6 

4 . 3 a: — 2/ + 2 = 6 

x + Zy + z — 2 
2x + y + 2 = 4 
X — 2y =1 


Augmented matrix 9^ 0 
inconsistent. 


Rank of A = 2 
Rank of C = 2 
a: = 5 — 2y]z = 2 
y is arbitrary 

A of rank 2 
C of rank 3 
inconsistent. 


consistent. 


X + 2y + z + w = b 

2a: + 42/ — 32 — Sif = 0 

3a: + 62/ — 42 “ 42/; = 1 

2a: + 42/— z — 2/; = 4 

x + 2y — 2— w = I 


Rank of A = 2 
Rank of C = 2 
X = 3 — 22 / 
z = 2 — w 
y and w are arbitrary. 


consistent. 


6. X + 2y - Z = 3 

a: - 2 / + Z = 4 

a: + 2 / - 2Z = 0 

2x - 2 / + Z = 7 


7 . 2a: — V 2Z = 5 
a: + 2^ + Z = 5 
a: + Z = 3 

7a: - 2 / + 7Z = 20 
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SYMMETRIC FUNCTIONS OF THE ROOTS 

12.1 The elementary symmetric functions. Let the n number? 
Ti, Ti, • ,Tn be the roots of the equation 

/(a:) = Ooa:" + aix^ ^ + ajx" ^ -f* • • • + On-i® + On = 0. (oo > 0)(1) 

In §5.6 it was shown that 

2 n = n + r 2 4- • • ■ + r„ = -oi/oo 

nn = + rirs + • • • + nr^ + rjrs 4 + Tn-iU = (k/ao 

X rinra = rinn + rir2n -f . . . + = -ag/oo (2) 


2 •••»'„ = rir 2 •••?•„ = (-l)”a„/ao. 

The symbol ^ is the Greek letter sigma and is used to signify 
that one is to take the sum of all terms, like the one following the 
symbol, that can be formed from the given variables by permuta- 
tions of those variables. A function so formed is a symmetric 
function of the variables; that is, it is unchanged by the inter- 
change of any two of the variables. The elementary symmetric 
functions are those given by (2) above. As indicated in (2) these 
elementary symmetric functions are rational functions of the 
coefficients of (1), and rational integral functions of the remaining 
coefficients if Oo = L There are always exactly n elementary 
symmetric functions of the roots of an equation properly of the 
nth degree. 

For three variables a, j8, y the elementary symmetric functions 
are a -f |3 -f T, a/3 -h jSy ya, a^y. 

Following are given some more symmetric functions of the three 
variables a, j3, y 

4- /3^ + Y^. 

i:ay=aV + ^V+YV. 

^ aP = 4- ay + 4" ^7 4" Y^« 4" 7% 

181 
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a a ^ y 

p p a y a y p 

It is customary to use the notation Si, S 2 , • • • , s*, • * • to represent 

j Z] ? ’ ■ * j ‘ * where k may be allowed to range over 

all positive integral values. 

Exercises ^ 

1 . Find the value of of the roots of the cubic equation 

6 

+ px^ + qx + r = 0. 

Solution. Multiply together the equations 
a + p + y = —p, 
a/3 + ^87 + 7 a — q. 

We obtain 

Z] o?^ + ^apy = — pg; 

hence 

Z) = Sr - pq. 

6 

2. If a, |3, y are the roots of + px^ + + r = 0, prove that 

(a) Y, a = - 2q 

3 

(b) X) = p^ 

(c) X = (1 ~ 2 pr. Square X 

3 s 

(d) (|8 H- 7)(t + «) (a + d) = r — pq 

(e) X = ~P^ + — 3r. 

3 

Find the product of X “ ^’^d X 

(f) X - 2 g^ - pr. 


The notation ^ denotes that there are six terms in the summation. 
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3. If a, /3, 7 , 5 are the roots of + rx + s = 0, 

prove that 

(a) a = — 2q 

4 

(b) 2 a® = - p' -h 3pg - 3r 

4 

(c) ^ a = — 4p^g + 2(1 + 4pr — 4s 

4 

(d) X] — 225r + 2s 

6 

(e) 23 = pr — 4s. Find the product of^cc and 

12 4 4 

(f) 23 = p^q — 2(1 — pr + 4s. 

12 

Find the product of 23 and 23 


(g) L— 

4 a S 

<» 2:i.f 

6 ap S 

(0 

12.2 Newton’s theorem on the sums of like powers of the roots. 

The sums of like powers of the roots of 

j{x) = x” + + p2x'~^ + . . . + p^_^x + p„ = 0 (3) 


can be expressed as rational integral functions of the coefficients of 
fix) = 0. 

Let the roots of (3) be ai, 0 : 2 , •• •, an. We proceed first to 
calculate the sums si = 23 ^li ^2 = 23 • • •> = 23 * • *> 

Sn-i = 23 «r~^* 

By §5.12 we have 




fix) ^ fix) ^ fix) 

X — ai X — ol 2 X — an 


By actual division we find 


= a;” ^ + (a + p^x"" ^ + ia -\r Pioc + P2)x'' ^ . 

X — a 

+ ia"" + Pia"””^ + P2or'~^ + • • • + pndx'' ^ . 
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In this equation replace a in succession by each of the quantities 
ai, q; 2 , • • • , ofn and put = X) + ^2 + • • • + • By 

adding all of these results, we have the following value for f(x) : 

f(x) = nx'^"^ + (si + npi)x'^“^ + (s2 + piSi + np^x'' ^ + . . . 

+ {Sm + PlSm-1 + P2Sm-2 + * * * + + • • • . 

By §4.3, we know that 

f(x) = nx^~^ + (^ — l)pix^~‘^ + 

(n — 2 )p 2 X^ ^ • + 2 p „_2 X + Pn-i. 

Equating coeflB.cients of like powers of x in the two expressions for 
f{x)^ we obtain 

51 + Pi = 0 , 

5 2 + piSi + 2 p 2 = 0 , 

53 + P1S2 + P2S1 + 3 p 3 = 0 , 

54 + P1S3 + P2S2 + P3S1 4 - 4 p 4 = 0 , ( 4 ) 

Sn-l + plSn-2 + p2Sn-3 + * • * + Pn-2^l + (^ “ l)Pn-l = 0. 

The first equation determines Si in terms of pi, p 2 , • • ’ j Pn, the 
second S 2 ; the third S 3 ; and so on, until Sn-i is determined. We 
find in this way 

Si = -pi; S2 == p? - 2p2] S 3 = -pi + 3pip2 — Sps; 

5 4 = pt - 4p?p2 4- 4pip3 4- 2p2 - 4p4; 

5 5 = -pi + 5pip2 - 5p?p3 - 5 (p2 - pOpi 4- 5(p 2P3 ” Ps); 
and so on, up to Sn-i. 

Having shown how si, S 2 , • • • , Sn-i can be calculated in terms 
of the coefficients, we proceed to extend our results to the sums 
of all positive powers of the roots, viz. Sn, Sn+i, • • • . 

To this end multiply f(x) by a;*”””, where m > n. We have 

X fix) = x + piX + P 2 :c + - ■+ PnX =0. 

In this equation, replace x in succession by ai, a 2 , • • • , o;n and 
add the resulting n equations. We have 

Sm 4“ PlSrn — 1 4” P2^m~2 4” ' ’ * 4" Pn^m—n — 0 . 
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If in this equation we give m the values n, n + 1, ?^ + 2, - . • 
in succession and observe that sq = n, we obtain 

Sn + PlSn-1 + + • • * + UPn — 0, 

Sn+1 + PlSn + P2Sn-l + * • • + PnSl = 0, 

Sn+2 + PlSn-f-1 + P2Sn + * * * + pnS2 = 0, CtC. 

These last equations are all included in the formula 

Sk + PiSA -1 + P2Sk-2 + . . . + PnSk-^n = 0 ^ • (5) 

So the sums of all positive integral powers of the roots may be 
expressed rationally in terms of the coefficients. 

By transforming the equation (for Pn 9 ^ 0), by the substitution 
X = l/y, into one whose roots are the reciprocals of ai, 0:2, • • • , an, 
and applying the above formulas to the roots of the transformed 
equation, we can find the sums of negative powers of the roots 
of the original equation f{x) == 0. 

From equations (4) and (5) it is clear that the Si can be ex- 
pressed as rational integral functions, with integral coefficients, of 
the coefficients of f{x) = 0. 

Exercises 

1. For x^ + + X + I 0 show that si = S2 = ss = 

§4 ~ —1. 

2. For — 8 = 0 show that si = §2 = S3 = 54 = 0, S5 = 40. 

3. For — X — 1 — 0 show that Si == S2 = S3 = §4 = 0, 

S5 = 5; §6 = 6; S7 = ss = sg = 0; sio = 5; Su = 11; §12 = 6. 

4. For x"" + + pa'"'^ + - ■ + Pn = 0 show that 

Si = §2 ” 0, S3 = ^Pz, S4 == S5 = 5 p 5 . 

5. For + pa + P6 = 0 show that si = §2 = S3 = 0; S4 = 

— 4^4; S 5 == — 5p5. 

6. Find Sm for x^ — + 3x — 1 = 0. Ans. Sm == 3 for 

every integral value of m. 

7. Find Sm for + 3x^ + 3x -f 1 = 0. Ans. S 2 k = 3; S2fc+i = 

— 3 for every integral value of k. 

8. For (x — 1)” = 0 show that Sk = n. 

9. For (x + 1)” = 0 show that S 2 k = n] S 2 m = — n. 
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10. For — 2x^ + X + Z = 0 show that Si = 2; §2 — 2; 

$3 = 7 j §4 == 22 j 5—1 = 5—2 “ 13/9. 

11 . For — 2x^ + x^ + Bx + 1 ^ Q show that Si = S 2 = 2; 

§3 — 7 J S 4 — 26 j 5—1 = 3 J 5—2 “ j 5—3 = 1 2 J 

5-4 ==19. 

12. For x"" — 1 = 0 show that 5 m = ^ or 0, according as m 

is or is not divisible by n. 

13. For x"" + 1 = 0 show that 5m = or 0, according as m 

is or is not divisible by n. 

14. For (x — l)(x — 2 ) • • . (x — n) = 0 show that Si = 

|n(n + 1 ); 52 = kn(n + l)( 2 n + 1 ); S 3 = s?. 

12.3 Fundamental theorem on symmetric functions. Every ra- 
tional integral symmetric function of the roots of an equation 

fix) ^ x'^ + + 'P 2 X^~'^ + • • • + Vn-lX + Pn = 0 

can be expressed as a rational integral function of the coefficients. 
Let us first find the value of the homogeneous symmetric func- 
tion X) We have 

5p = al + af + ar + • • • + ai, 

5q = a? + af + ^3 + • • • + 

where ai, a 2 , • • • , an are the roots of f{x) = 0 . 

Multiplying, we have for p 9 ^ q, 

^ ^ p4-? I P+Q I I P+<t I P Q \ Q P t 

SpSq — ai + a2 + • • • + an + ai a 2 + aia 2 + * • • , 

or 

5p5g = 5p-i-5 “{- Qfl Q '2 (P 7 =^ q). 

Therefore, 

^ V ai 0:2 = SpSq 5 p-j-g (p 7^ q), (6) 

This formula expresses the double symmetric function in terms 
of the single symmetric functions Sp, Sg, Sp^g. 

If p = q, then aial = ala^ and ~ 2 2 ]) whence 

E = K4 - 52p)- 

In either case, the homogeneous symmetric function is expressed 
as a rational integral function of the Si. And by Newton's 
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theorem the s< can be expressed as rational integral functions of 
the coefficients. 

In each term of the triple symmetric function X) o^icclal three 
roots are involved. We now proceed to show how this triple 
symmetric function can be expressed as a rational integral func- 
tion of the Si and hence as a rational integral function of the 
coefficients. 

Multiply alal by Sr, where 

X) = cilOil + 0:10:2 + 0:1 o:f + • • • (p ^ q) 

Sr = 0:1 + 0:2 + 0:3 • + Oih , 

We have for p, q, r, distinct, 

<^2 = X o:f'^o:| + 2 Offo:!'^’” + X 0:3, 

a formula connecting double and triple symmetric functions. But, 
by (6), 

E p+r Q 

Oi Oi 2 — ^p+rSq Sp^q^r 

E p Q-\-T 

Oil 0:2 — Sj^qj^r ^p-f-Q+r 

Xy Oil Oi2 — SpSq 

Substituting these values, we find (for p, g, r, distinct), 

^ y 0!i 0:2 0:3 = SpSqSr Sp^qSr Sp-\.rSq SpSg_|_r ”1” 2Sp-}-(jr-|.r. 

If p = q = r, we have X — 3sp52p + 2s3p). 

We now proceed to show that if any homogeneous symmetric 
function, in which each term involves m roots, can be expressed 
as a rational integral function of the Si, then any homogeneous 
symmetric function in which each term involves m + 1 roots 
can also be expressed as a rational integral function of the Si and 
hence as a rational integral function of the coefficients. 

In each term of the symmetric function X^ afo:! • • • 
m + 1 roots are involved. We now proceed to show how this 
symmetric function can be expressed in terms of symmetric func- 
tions in which m roots are involved. 

Multiply X^ a[a2 ’ - a„t by Sf, where (p, g, • • • , r, distinct) 

q:i 0:2 '-‘an = Oil a 2 • ' ' oim ~t Ciia^ * • • 0:,^ + 0:10:2 am 

\ P r Q I 

-T 0:1 0:2 • • • am “T • * * 

Sf = ai + a2 + ah {t ^ p, Qf • ‘ t) . 
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We have 

E p q T p-^t q T I P 5+^ ^ 

ai a% • • ' ajTi = 2 ^ ai 0:2 * • - am + 2 -/ ^2 * • * am 

I I 'V' p q ^•+-f I XT' p Q T t 

"T" * * * « 2^ ai a2 • • • (Xm “T Z-rf ai a2 • • • amam+i* 


Those cases in which some of the letters p, , r are equal 
(but not all) can be handled separately with no essentially new 
complications. This equation shows that X) ^2 * ’ ' can 

be expressed in terms of homogeneous symmetric functions in 
which each term involves m roots, plus one such symmetric func- 
tion multiplied by St] hence as a rational integral function of the 
Si, and therefore, finally, as a rational integral function of the 
coefiicients. 

If any rational integral symmetric function is not homogeneous, 
then it is the sum of two or more rational integral symmetric 
functions which are homogeneous, such as 


a(aia2 + aioiz + a^az) 6(ai + a2 + as). 

Hence it is clear that any rational integral symmetric function 
can be expressed as a rational integral function of the coefficients 
of f(x) = 0. 


12.4 Computation of symmetric functions. Any rational in- 
tegral symmetric function can be calculated by the method used 
in establishing the fundamental theorem. In practice, however, 
it is sometimes easier to use other methods. If the symmetric 
function contains a large number of roots with small exponents, 
the indications are usually plain as to which auxiliary simpler 
symmetric functions should be multiplied together to produce 
the desired symmetric function along with simpler symmetric 
functions. 

Example 1 . Calculate X) ‘^ia2a3 of the roots of the general 
equation 

X + piX + P 2 X -f • • • + Pn-iX + Vn = 0. 
Multiply together the equations 

Oil = — Pi 
X oiia^ofi = — p3. 
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In the product the term aiaa^s occurs only once; the term 
aioiazoci occurs four times, arising from the product of ori by 
azazOLi, of OL 2 by aia^a^, of 0:3 by aia2«4, and of by aia;2a3. 
Hence 

S 1C = C + 4 ^ aia^azOLi = pips; 

therefore 

22 oilafias = pipz — 4p4. 

Example 2, Calculate 22 ^1^2 for the general equation. 
Multiply together 

J2 0^1 = Pi - 2p2 
22 = P2. 

We have 

12 22 ^1^2 = 22 + C <^ia2Q!3 = (pi — 2p2)p2. 

But from example 1, we have 

22 ^1^20^3 = PiPz — 4p4, 

hence 

Z 3 V' 2 V-' V' 2 

Q;ia2 — 2^ 0^1 2^ oLiOiz — 2^ aia^az 
= plp2 ~ 2pl - PiPz + ipi. 

Example 3. Calculate 22 ^1^2 general equation. 

Squaring 

22 «i«2 = P2 

we have 

P2 = 22 ^1^2 + 2 22 + 6 22 

In squaring, the term Q;ia2<af3«4 will arise from the product of 0:10:2 
by o:3a4, of aiaz by o:2<^4, and of aia4 by aiaz] hence the coefficient 
of o:iQ:2a3a4 is 6, siiice each product occurs twice in squaring. Then 

22 ciWi = P 2 — 2 22 — 6 22 oiio^tOLz^4. 

= pi - 2{pipz - 4p4) - 6p4 

= P2 - 2pipz + 2p4. 
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Exercises 

For the general equation show that: 

= ““P 2 P 3 + 3pip4 5p5 

2. X) ^ia2a30J4 = ~ P 1 P 4 + 5p6 

S ^i^^2a:3Q;4Q;6 = PiPs — Ope 

4. o;?a2a3Q!4 = P 2 P 4 - 4pip6 + Ope 

3. X) «l0^2Ck'3 = P3 — 2p2P4 + 2piP6 — 2p6 

6. a:?a 2 = P 1 P 2 “ 2p2 - piPs + 4p4 

7. Show that for the cubic + pix^ + pa^r + ps = 0, we have 

(^) X) == ”P2P3 

(b) X) = P 1 P 3 

(<^) X = Pa 

(d) X «1«2 = pi- 2piP3 

(e) X «l<^2a3Ce4 = 0 

(f) X 0iia2azaia5 = 0 

(g) X <^ 1^2 = P 1 P 2 2p2 — P 1 P 3 

8. Show that for the quartic + Pix^ + P 2 X^ + pzx + P 4 = 0, 

we have 

(a) X = Pip3 — 4p4 

(b) X = — P 2 P 3 + 3pip4 

(c) X Oila2asa4 = — P 1 P 4 

(d) X OLla^aza^az = 0 

(e) X = P 2 P 4 

(f) X (^W20^l — pi — 2p2P4 

(g) X OiUl = P2 - 3piP2P3 + 3P3 + 3piP4 - 3p2P4 

(h) X = P 1 P 2 P 3 - 3p| - 3piP4 + 4p2P4 

9. If Oil, a 2 , 0^3 are roots of the cubic x^ + pix^ + p 2 X + ps = 0, 

show that the cubic with the roots 

(a) al, at, at is x^ — (pi — 2p^x^ + (pi — 2pipz)x — pf = 0 

(b) aia 2 , aias, a 2 az is x^ — p^x^ + PiPzX — pi = 0 

(c) — , — , X is p^x^ 4 - Sp^x^ 4 . gp^x + 27 == 0 

Oil a2 as 

(d) ai + a 2 , ai + as, a 2 + 0:3 is x^ + 2 pia;^ + (pf + p 2 )x 

+ (P 1 P 2 - Ps) == 0 

(e) al a 2 , al is x^ + (pi — 3piP2 + 3p3)x^ + (p 2 — 3pip2p3 

4" ^pl)x + P3 = 0 



Chaptee XIII 

RESULTANTS: DISCRIMINANTS: ELIMINANTS 

13.1 Resultant of two polynomials. Let there be given two 
polynomials of degrees m and n respectively: 

f{x) = OoX "1“ (llX ^ -|- (l2X”‘ ^ "b • ■ • 4" = 0 (flo 7 ^ 0), 

g(x) = ^ + 62a:” ^ ■ 4" = 0 (60 5^ 0). 

We desire to find the condition that these equations should have a 
common root. 

Let the roots of f{x) = 0 be ai, a^, ■ • ■ ,am whence 

Six) = Ckix — a^ix - aS) ■■■ {x — a^) (Oo ^ 0). 

Let the roots of gix) — 0 be jSi, 182, • • • , whence 

gix) = hix — j8i)(x ~ 1S2) • • • (a; - /3„) (60 5^ 0). 

If the given equations have a common root, it is necessary and 
sufficient that some one of the quantities 

S'(a2), • • • , g{am) 

should be zero, or, in other words, that the product 
g{ai)-giai) ■ ■ ■ g(a„) 

should vanish. Since (3i, 82, • • • 1 are the roots of gix) = 0, 
we have 

giai) = boiai - ^i)iai - ^2) • • • («! - ^n) 

giao) = 60(0:2 - i3i)(a2 - ^2) ■ ■ ■ (02 - ^n) 

§'(«„) = boiam - 0l)io!m - ft) • ■ ■ («« - ft). 

If we change the signs of the mn factors and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

R = a^gMgiaS) ■ ■ ■ gM = (-l)”"6r/(8i)/(ft) • ■ • /(ft). 

191 
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Hence a necessary and sufficierd condition that the two equations 
f{x) = 0, gix) = 0 have a common root is i? = 0. We call R 
the resultant of the two equations. 

It is readily seen that 

(ccr - ft), 

where JJ signifies the continued product of the mn terms of the 
form ar — ft. 

Example: Find the resultant of ax + h = 0 and — 1 = 0. 
The roots of — 1 = 0 are +1, —1. 

Substitute +1 in ax + b. We have -{-a + h. 

Substitute — 1 in ao; + ?>. We have —a + b. 

From the definition of a resultant, the resultant in this case is 
(u “t~ 6)( — a “b 6) = 6^ — a^. 

Exercises 

1. Show that the resultant of ax^ + bx + c === 0 and — 1 — 0 

is (a + 6 + c)(a — 6 + c). 

2. Show that the resultant of ax^ + bx^ + cx + d = 0 and 

l = 0is(a + 6 + c + d)( — a + h — c + d). 

3. Show that the resultant of ax + h = 0 and x'^ 1 = 0 is 

(6 + a)(b - a)(b + ai){b - ai) = 6' - a^ 

4. Show that the resultant of ax + 6 = 0 and x^ — 1 = 0 is 

— (a -{“ 6) (oco -f" h) (czco^ “f* h) • 

5. Show that the resultant of ax^ + 6x + c = 0 and x^ — 1 = 0 

is (a “f” ^ “b c)(aco^ -b bo) -b c^{oad -b bo^ -f* c). 

6. Show that the resultant of ax^ + 5x^ + cx + d = 0 and 

— 1 = 0 is — (a + h + c + c?)(a + + coj + (i) 

{a boo coo^ 4“ d) . 

7. Show that the resultant of ax^ + 6x + c = 0 and x'* — 1 = 0 

is (a + & + c){a — b + c)( — a + hi + c)( — a — bi + c). 

8. Show that the resultant of ax^ + 5x^ + cx + cf = 0 and 

— 1 = 0 is (a + 6 + c + c?)( — a + 6--c + (i) 
( — at “ 6 + a + d){ai — h ~ ci + d). 

9. Show that the resultant of ax^ + 6x + c = 0 and x^ + 4 = 0 

is [h + c + t‘(2a + b)][b + c — i(2a + 6)][c — h + 

i{2a — b)][c — 6 — i(2a — b)]. 

10. Show that the resultant of x^ ~ 7x + 12 = 0 and (x — a) 
(x - 6) = 0 is (a' - 7a + 12)(6' - 76 + 12). 
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13.2 Sylvester’s dialytic method of elimination. Let there be 
given the two equations 

f(z) = oox’^ + + . . . + = 0 (oo 0), 

g(x) = box" + hix’' * + bix’‘ ^ + ■ • • + hn == 0 (6o 0). 

Multiply the first equation, in turn, by 

x”-\ x’‘-\ ... ,x\x,l-, 

and the second by , x^, x, 1. 

We thus obtain the m -{- n equations 

x’^-^fix) = 0 , • . . , x^ix) = 0 , xf{x) = 0 , fix) = 0 , 

x”‘~^gix) = 0 , • - • , x^g{x) == 0 , xgix) = 0 , gix) = 0 , 

which are linear and homogeneous in the m + n quantities, 

^ ^ ^ ^ ^2^ a;, 1. 

If f(x) = 0, g(x) = 0 have a common root it will satisfy all of 
these m + n equations. Let the different powers of x be taken 
as m + n — 1 unknowns. A necessary condition that these 
m + n linear homogeneous equations in these m + n quantities 
shall have a solution other than the trivial one in which each 
unknown is zero is that the following determinant, D, be zero: 


n 

rows 
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m 
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D 
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and a: = 2 is a common root. 
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Wo will now show that if D = 0, the two equations do have a 
root in common. To do this it is sufi&cient to show that D — R. 
In D replace hn hyhn — z and consider the equation 


Oo 

Cl 

a2 




a,/j_i 

am 

0 . 

.. 0 

0 

Oq 

Ol 




Gm — 2 

ajn-^i 

Gm * 

.. 0 

0 

0 

0 . 

• Go 

a-i 

a2 • 

. 


. 

dm 

ho 

61 

^2 • ' 

' * 671—1 

hn~Z 

0 . 

• • 0 

0 

0 .. 

.. 0 

0 

60 

6x •• 

• • 671^2 

hn —1 

hn—Z * 

.. 0 

0 

0 . 

.. 0 

0 

0 

0 .. 

.. 0 

0 

0 . 

• • ho 

hi 

hn • 

. . hn — Z 


= 0 


Equation (2) reduces to (1) for 2 = 0; and (2) is of the form 

aU”" + • • • + + • • ■ + = 0 

(3) 

(^‘ = 1, 2, • . . , m - 1). 

Equation (2), or (3), has g(ai) for a root. This is seen as follows: 
in (2) put z = gioii). Beginning with the left-hand column, 
multiply the columns in turn by • • • , a?, ai and 

add to the last column. We find that the elements of the new 
last column are zero. Thus g(ai) is a root of (2), and so of (3). 
In like manner we can show that g(ai) (i — 2, m) are roots 
of (2), and so of (3). But (— is, for equation (3), equal 
to the product of the roots with their signs changed. Thus 
whether m is odd or even, we have 

D = aog{ai)g(a2) • • • g{am) = R. 

Example: Find the resultant of 

aox^ + aix^ -f" CI 2 X H- as = 0, 
hox^ -f- hix T" = 0. 

Multiplying the first of these equations by x, and the second 


by and x successively, we have the following five equations : 
Oox^ + aix^ -f- a2X^ + a^x =0; 

Oqx^ + aix^ + a^x + as = 0; 
hox^ 4 “ hix^ + h2X^ = 0 ; 

box^ T" hix^ h2X = 0; 

hox^ + 61 a: -b ?)2 = 0 . 
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These five equations in the four variables x, x^, x^, x* are con- 
sistent if 

(Zq Cl C 2 Cs 0 

0 CLo Cii C2 CLz 

Z)o 61 2>2 0 0 = 0. 

0 60 hi 62 0 

0 0 ho hi 62 

This is the required resultant. 


13.3 Elimination. If the two equations 

aox +■ ai = 0, hox + bi ~ 0 (aobo 0), 

are satisfied by the same value of x, then 

X — — — = from which E = aobi — aiho = 0. 

Cq Uq 

E is called an eliminant of the two equations. 

The result of eliminating x between two equations, when put 
in a rational integral form is called an eliminant 

The result of eliminating x between the two given equations 
might just as well have been written aibo — oobi = 0. 

The resultant B of the two equations is 

B = cqCi = dobi — (Zibo* 
bobi 

The result of an elimination, in other cases, may give R multi- 
plied by some extraneous factor which may be either a constant 
or a function of the coefficients. 

Example 1 . Find the condition that the two equations 
a^x + ai = 0, h^x^ + bia; + 62 = 0 shall have a root in common. 

The only root of Cqx + ai = 0 is a; = — ai/ao- 

If the second equation is to have this same root, then the 
second equation must be satisfied when in place of x we put 
— ai/cQ. Making this substitution, we have 



Oo Gti 0 

In this case E = R, since R = 0 ao ui 

ho hi 62 
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Exercises 

1 . Show that an eliminant of + a% = 0 and 

hoX -f- 5 i = 0 is CLobi — €L]bQbi -1- 

2 . Show that an eliminant of a^x + ai = 0 and hox^ + hix^ + 

h^x 4- &3 == 0 is o^hz — ala-i)2 + Ooafhi — ai6o and show 
that this is equal to the resultant. 

3 . Show that the resultant of hox^ + iix^ + h2X + hz = 0 and 

OoTc + ai = 0 is the negative of the resultant of aox + Ui = 
0 and box^ + bix^ + b2X + hz = 0. 

4 . Show that the resultant of aox^ + aix = Q and 

hop^ + biX “f“ 62 = 0 is — (io(iibib2 4 “ dod^OA — 260&2) 4 " 
4 ” d^ho. 

5 . Show that the resultant of dox^ + dix = 0 and 

box^ + hix + b2 = 0 is 


R - 


do di d2 0 

0 do di d2 

bo hi ?)2 0 

0 ho bi 62 


(dob^ — d2ho)^ — {ciobi — Ui6o)(^ih2 — d2bi). 


6. Obtain an eliminant of aox^ + dix + a 2 = 0 and 
box^ + bix + b 2=0 by equating the roots and rationalizing: 


+ Vai — 4aoa2 'n/^i — 46oi>2 

2 ao 260 

7. Show that the resultant of a:” = 0 and dox^ 4- Uix"” ‘ 

4 . . . . + = 0 is a^. 

(a) Use the definition in article 13.1. 

(b) Use Sylvester's method. 

8. By Sylvester's method show that the following pairs of 

equations have a root in common : 

(a) - 7a: 4 12 = 0; a:' 4 :r - 12 = 0 

(b) a:^ — 6a:^ 4 11^ ~ 6 = 0; 4 2 : — 2 = 0 

(c) — x^ — lix 4 24 = 0 ;x^ 42 : — 6 = 0 

(d) x' 4 2x' - 2x - 1 = 0; x' - 1 = 0. 


13.4 Discriminant. If the resultant of /(x) and f{x) vanishes, 
then/(x) = 0 and/'(x) = 0 have a root in common. If this root 
is repeated m times in f{x) = 0, it is repeated w 4 1 times in 
/(x) = 0. 
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We now proceed to j&nd this resultant: 

If aij a 2 , j an are the roots of f(x) = 0, then 

/(x) = ao(x — a2){x — as) • • • (x — an), 

and 


whence 


X — ai X — a2 X — an 


f(ai) = ao{ai — a2)(ai — a^) • • • (ai — an) 

f(a2) = ao(«2 — ai) (a2 — az) • • • (a2 — an) 

f{az) = Go (as — ai)(a3 — a2)(a3 — a4) • • • (as — an) 


f(oin) = Go (an — ai){an — a2) • ' • (an — an-i). 

By §13.1, the resultant R of f(x) and/(^) is 

R = ar'f{ai)f(a2) • • • /'(aj, 
whence 

R = _ anf 

= do” ^(—1) ^ (ai — 02)^ • • • (o:„_i — an)'- 

The discriminant of an equation involving a single unknown is 
defined to be the “simplest’’ function of the coefficients, in a 
rational and integral form, whose vanishing expresses the condi- 
tion for equal roots. Since, by definition, the discriminant of 
/(x) = 0 vanishes when two roots are equal, it follows that ai — ao 
must be a factor of the discriminant. But the discriminant is a 
fixed number for any given equation with constant coefficients. 
The given equation is unaltered, and, therefore, the discriminant 
must be unaltered, by an interchange of ai and a 2 . Hence 
(ai — a 2 )^ must be a factor of the discriminant. The same reason- 
ing applies to any two roots. It follows that 

F = (ai — Q:2)^(ai “ as)^ • * - (ai — an)‘'(Q:2 — as)^ • • • (an-i anY 

is a factor of the discriminant. The degree of F in any root is 
2(n — 1). The function F is a symmetric function of the roots 
and so can be expressed rationally in terms of the coefficients of 
/(x). When the substitutions = — Gi/oo, • • • , aia 2 • • • an = 
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( — l)’'an/ao, are made, 2(n — 1) is the smallest power of ao which 
when multiplied by F will give a rational integral function of the 
coeflScients. Hence the discriminant D may be identified by the 
expression 

D = — 0'2 )^(q:i — az)^ • • • (ai — anf{a2 — azf 

’ * * . 

By comparing the expressions for D and R where R is taken 
as the resultant of /(x) and f\x), we find 

n (n—l) 

R = (_l)~T- oaD 

and 

n(n~l) 1 

D = (_l) 2 ±E. 

do 

It is seen that this definition of the discriminant is in harmony 
with the definition of the discriminant of a cubic given in chap- 
ter VIL 

13,5 Discriminant of the quartic. In article 7.7, it was shown 
that if Xi, X2, Xs, X4 were the roots of the quartic 

x^ + 2px^ + qx^ + rx + s = 0, (4) 

and ziij Uz, Uz were the roots of the resolvent cubic 

u — qu + (2pr — 4s)u -f 4gs — 4p^s — = 0, (5) 

then ui = X1X2 + X3X4; Uz = XiXs + X2X4; Uz — X1X4 + 2:2X3. It 
now follows that 

Ui - U2 = (Xi - X 4 )(X 2 — X3), U1 - Uz = (Xi — Xs) (X2 - X4), 

Uz — Uz ^ (xi — X2)(xs ~ X4), and consequently 

(Ui — — UzfiUz — Uz)^ = (Xi — X2)^(Xi “ X3)^(Xi — X4)^ 

(X2 - X3)^(X2 - X4)^(X3 - XaY. 

But by definition the right-hand member of this last equation 
IS the discriminant of the quartic (4), and the left-hand member 
is the discriminant of the resolvent cubic (5). Hence the dis- 
criminant of the quartic vanishes when the discriminant of the 
resolvent cubic vanislies. Furthermore, the discriminant of the 
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quartic (4) can be computed by computing the discriminant of this 
particular resolvent cubic (5) . 

In article 7.2, it was shown that the discriminant of 

bx^ cx + d = 0 is IShcd — 4b^d + 6V — 4c^ — 27 d^, (6) 

Example 1 : Compute the discriminant of + x^ + I =0: 

The resolvent cubic is -u® — — 4-^ + 4 = 0. 

By (6), the discriminant of this cubic in u is 144; therefore, 
the discriminant of the original quartic is 144. 

Example 2\ Compute the discriminant of + 1 = 0: 

The resolvent cubic is 2u^ — iu — ^ = 0. 

By (6), the discriminant of the cubic is 0. Therefore the dis- 
criminant of the original quartic is 0. Hence the quartic must 
have a pair of equal roots: these roots are 1, 1, —1, — 1. 

Exercises 

1. Compute the discriminant for the following equations: 

{&) + X ^ I = Q (e) + 1 = 0 

(b) + 4a; H- 3 = 0 (f) a;' + 2a:' - 3a:' = 0 

(c) a:' + a: + 1 = 0 (g) a;' — 5a; + 4 = 0 

(d) a:^ - 1 = 0 (h) a;^ + 2a;' - a; + 5 = 0 

2. By computing the discriminant show that the following equa- 

tions have equal roots : 

(a) + 2x^ — 7a; + 4 = 0 

(b) a;' -1- 7a;' + 8a; - 16 = 0 

(c) a;' + a;' - 5a; + 3 = 0 

(d) 0 -^ — 3a;^ + a;' + 4 = 0 

(e) o;^ — a;^ — a; H" 1 = 0 

(f) a;" - 9a;' + 4a; -H2 = 0 

(g) a;' - 2a;® - 27a;' + 108 = 0 

(h) — 12a;' + 16a; = 0 

3. Show that the discriminant for ax^ -f 6a;' + co; + d == 0 is 
l^ahcd — 46®(i + 6V — 4ac® — 21a d^. 

4. Show that the discriminant for a/® +■ p2/ + ^ ^ 

-4p® - 27g'. 

5. Show that for a;” + aix^~^ + • • • -h Un- 2 ^^ = 0 the discrimi- 
nant vanishes and that, therefore, the equation has equal roots. 

6. Show that for (a) a;^ — 1 = 0; (b) + 1 == 0, the dis- 

criminant does not vanish and that, therefore, the equation can- 
not have equal roots. 



Chapter XIV 

RULER AND COMPASS CONSTRUCTIONS 

14.1 Introduction. The ancient Greeks proposed a number of 
problems in construction in which only a ruler and a compass were 
to be used. Among these were the problem of: 

1. The duplication of a cube. 

2. The trisection of any angle. 

3. The construction of a regular polygon of any number of 

sides. 

The ruler must be a rigid body with a straightedge and without 
division marks. Given two points we can with the straightedge 
draw the line segment connecting the points and prolong a line 
segment indefinitely. With the compass one can draw a circle 
whose center is any given point and radius any given line seg- 
ment.* That is, the fundamental constructions are 

1. Drawing the line segment between two points. 

2. Extending a line segment. 

3. Drawing a circle with a given point as center and a given 

line segment as radius. 

All other constructions consist of two or more applications of 
these fundamental constructions. 

New points, lines, and line segments may be found as 

1. The intersection of two lines. 

2. The intersection of a line and a circle. 

3. The intersection of two circles. 

In all that follows it is assumed that the unit segment is given. 

14.2 Graphical solution of a quadratic equation. 

If the quadratic equation 

— oa; 6 = 0 (1) 

* Initially one need suppose only that the compass serves to draw a 
circle with given center and passing through a given point. Euclid showed 
how one could then cor;struct the circle with given center and with radius 
equal to a given line segment. 


200 
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has real roots, and the coefficients a and b are real and can be con- 
structed, then these real roots can be constructed with ruler and 
compass as follows: 

Draw a circle whose diameter is the line joining the points 
A(0, 1) and B(a, b). The center C of this circle has the coordi- 
nates The radius CB = ^ ^ -f Hence 

the equation of the circle is 



Fig. 33 


When 2/ == 0, this equation reduces to (1), which proves the 
statement that the roots, when real, can be constructed by ruler 
and compass. The roots of (1) are represented by OP and OQ. 

Exercises 

Solve graphically: 

1. - 3x + 2 = 0 4. + 4 j + 4 = 0 

2. - 6x + 5 = 0 5. - 5x - 6 = 0 

3. x^ - 4x + 4 = 0 6. + 6x - 7 = 0 

14.3 Elementary constructions with ruler and compass. Given 
two line segments AB and CD, fig. 34. With R as a center and 
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a radius CD draw a circle. Extend AB to meet the circle at P. 
Then 

AP = AB + CD 
and AQ = AB - CD. 

Given two line segments a and b, fig. 35, draw any two inter- 
secting lines as AC and AD. Lay off on AC the segment AB — 1 
and BC = a. On AD lay oS AE b. This can be done with 



Fig. 36 Fig. 37 

the compasses. Join B and E. Our straightedge and compass 
are sufficient to construct CD parallel to BE. Then ED = ab. 

Given two line segments a and b we find their sum PS, fig. 36. 
Draw any other line through P, as PR. Lay off with the com- 
pass PQ = 1. Draw RS parallel to QT and intersecting PT in S. 
Then QR = a/b. 

On any line lay off AB = 1, and BC = a. Find the middle 
point 0 of AC. With 0 as center and radius OC draw a semi- 
circle. Erect BD perpendicular to AC at B. Then x = ^/a. 
That is, this construction solves the equation x — a =0. {See 
fig. 37.) 
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Hence, if the j&nite set of numbers 1, a, 6, • • • correspond to 
given line segments and are combined a finite number of times by 
the operations +, — , X, \/~7 to produce a real numbers, 
the corresponding line segments can be combined geometrically 
by ruler and compass to produce the line segment corresponding 
to the number n. 


14.4: Criterion for constructibility. Fir^i. If at each step in 
the finite process there are no irrational operations other than 
extracting a real square root, then the constructions can be made; 
since we can perform all constructions involving the rational 
operations +, — , X, and we have seen how we can extract 
the square root of a recH positive number, which is itself con- 
structible. 

Second. Suppose the construction is possible. Then the 
straight lines and circles drawn in making the construction are 
obtained either from points and line segments initially given or 
obtained from them as 

1. the intersection of two lines 

2. the intersection of a line and a circle 

3. the intersection of two circles. 

In order to formulate algebraically every construction by means 
of a ruler and compass we must show how to find algebraically 
the intersections just mentioned. 

The equations of any two nonparallel lines may be taken as 

A\X Biy = Cl, A2X A" F%y = C2, A1B2 A2R1 5 *^ fi* 
The coordinates of their point of intersection are 


C1 R2 - C 2R1 
AiBz ~ A2B1 


__ A1C2- A2C1 

^ 


^ 0)j 


which are rational functions of the coefficients and hence con- 
struciible if the given lines are regarded as themselves constructed. 

Let a constructible straight line Ax + By = C intersect the 
constructible circle 

(r - cf + {y - df = / 


with the center (c, d) and radius r. To find the coordinates of 
the points of intersection, eliminate y between the two equations, 
and obtain a quadratic for the determination of x. The coeffi- 
cients of this quadratic are rational functions of the parameters 
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and hence can be constructed. The quadratic has real coeffi- 
cients (themselves constructible) and real roots and hence the 
roots can be constructed, and also y. Thus x (and also y) involve 
no irrationality other than a real square root, besides the irra- 
tionalities present in A, R, C, c, d, r. 

The intersection of two nonconcentric circles 

00 AiX -f- Biy + Ui = 0 (Ai — and Bi — 

^ + B^y -f C 2 = 0 not both zero) 

is obtained from the intersections of either of the circles with 
their common chord 

(Ai — A2)x + (Ri ~ B2)y + Cl — C 2 == 0, 

and hence reduces to the preceding case. 

We have now proved the following theorem: 

Theorem: A necessary and sufficient condition that a line segment 
of length x he constructible by ruler and compass from given line 
segments of lengths ai, • • ■ ^ an is that the number x can be derived 
from the given numbers ai, • • • ^ Un by a finite number of the rational 
operations ; X, and extractions of real square roots. 

14.6 Simplification of radicals. We agree to make all possible 
simplifications in any such expression x containing radicals. Such 
simplifications are illustrated by the following examples: 

We agree to write an expression containing radicals in such a 
way that no one of its radicals can be expressed as a rational 
function in terms of the other radicals, with coefficients which 
are either themselves rational or if irrational are of lower order 
of irrationality in the sense to be explained below. Thus 
\/3 + “x/S + \/T5 would be replaced by \/3 + \/5 + \/3 • \/5. 

We agree to write +• 13 + 4\/3 in its simpler form 

x/s + 1. 

14.6 Order of a radical: A radical expression of the form 
Vo + 3x/2 is said to be a radical of order 2. One radical sign 
is placed over an expression containing a radical. 

A radical is said to be of order n if a radical sign is placed over 
an expression containing a radical of order n — 1, and if this 
radical of order n cannot be expressed as a rational function, with 
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rational coefiSicients, of a finite number of radicals of order less 
than n. 

We shall suppose that in a number x containing t terms of 
order n, these reductions have been made so that no one of the 
radicals of order r (r < n) can be expressed as a rational function, 
with rational coefiicients, of the remaining radicals of order r and 
the radicals of order lower than r. 


14.7 Normal form of x. Suppose -y/iV one of the terms of x 
of order n. Then at worst 


A + BVN 

c + dVa 


(C, D ^ 0), 


where A, B, C, D may contain radicals of order n. Multiply both 
numerator and denominator of the fraction by C — Da/N. We 
have then, on simplifying, the relation of the form 

X — a + b\/N 


where a and h contain no more than t — 1 terms of order n. We 
may then put 

(X = <Xi -f" (X2'\/N 1 , 5 = ?)i -f- h'i's/N 1 

where 's/N i is a radical of order n at most. Then 

a; = (ui -f* a2\/Ni) + ( 5 i + &2 \/Ai)V^* 

Proceed in this way until all of the radicals of order n appear 
explicitly. Proceed in a similar way with the different terms of 
order n — 1 which occur in the coefficients and in W, Ni, etc. 
Then pass on to terms of lower order. We finally obtain z in the 
form of a rational integral linear function of each individual radi- 
cal all of which occur explicitly, x is then said to be reduced to 
the normal form. 


14.8 Theorem. If x, the number to be constructed, de'pends only 
upon a finite number of rational operations and extraction of square 
roots of real positive numbers, it is a root of an equation with rational 
coefficients, whose degree is a power of 2. 

Let m be the number of independent radicals in x. By changing 
the sign of one or more of these radicals we obtain 2'^ different 
values Xi = x, X 2 , xz, • • • , X 2 m, called mutually conjugate values. 
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These va lues may not all be distinct. For example, if = 

v 3 + \/2 + Vs ““ \/2j of the 8 conjugate values only 4 are 
distinct, namely: 

= Vs + V2 - Vs - VI; 

a:,, = -VSH- V2+ Vs - = - Vs + V2 - Vs - V2. 

Form the equation 

P(x) = (x — Xi)(x — X2) ‘ • (x — X2^). 

Clearly this equation is of degree 2^. It may have multiple roots. 
Certainly if all of the 8 conjugates ofrri = Vs + \/2 + Vs — V^ 
are used, each root would be a double root. 

The coefficients of Fix) are rational. For, if we change the sign 
of any radical, this causes two of the factors in P{x) to be inter- 
changed and so P{x) remains unchanged. This means that the 
coefficients in P{x) remain unchanged. This can happen only 
if each radical occurs in the coefficients in its squared form only. 
Hence the coefficients of P{x) are rational. 

Illustration 1 : Let a; = V2 + -y/b. There are 2^ = 4 conjugate 
values. Then x should satisfy an equation of degree 4 with ra- 
tional coefficients. 

Square 

= 2 y/b or — 2 = y/b. 

Square again 

— 4x^ +4 = 5 
or 

— 4x^ — 1=0. 

Illustration 2: Let x = y/2 + y/b. There are 2^ = 4 conju- 
gate values : V^ + VS; V2 — VS; —y/2 + VS; — V2 — VS. 
Then x should satisfy an equation of degree 4 with rational 
coefficients. 

X y/2 + y/b 

Squaring 

x^ = 1 + 2VIO or x' - 7 = 2VIO; 

square again 

x' - 14x^ + 49 = 40 
or 

x' - 14x^ +9=0. 
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Exercises 

Form the equation P{x) = 0 which has the following numbers 
as roots: 

1. a; = V 2 +V 3 4. a; = V 6 + VS 

2. a; = •\/2-|- 5. a: = VS + VS 

3. x = V'2+V^+V2-V3 6. x=V 2’TV5+ ^2- V^ 

14.9 Theorem. If any one of the conjugates xi, • • ■ , X2m satisfies 
an equation fix) = 0, with rational coefficients, then all of the conju- 
gates satisfy that equation. 

Let Xi = a + hy/N where y/N is a radical of maximum order n, 
while a and h do not involve y/N but may depend upon other 
radicals of order n and radicals of lower order. Then X2 — 
a — hy/N will be one of the conjugates of Xx^ 

Now/(a:i) may be given the form 

f{xx) = + Bxy/N 

where Ai and Bi do not involve y/N. Here/(a:i) can vanish only 
if = ^1 = 0. Otherwise if 5*^ 0 and jBi 0 we would have 
y/N = —AilBi. That is, y/N could be expressed rationally as a 
function of terms of order n, and of terms of lower order, contrary 
to the hypotheses of the independence of the radicals. If Ai 9^ 0 
while J5i = 0, or = 0 while Bi 9^ 0, the relation + Biy/N = 0 
could not hold. It follows that 

f(x2) = Ai- RiViV = 0. 

Hence, the conjugate X2 is a root of fix) ~ 0. We have now 
proved that if Xi satisfies fix) = 0, then all of the conjugates 
derived from xi, by changing the signs of one or more radicals of 
order n, also satisfy fix) = 0. 

The proof that any conjugate Xi is a root of fix) — 0 follow’s 
along similar lines. For simplicity let us assume that xi depends 
on only two radicals of order n, namely y/N and /Wi. Then 

fixi) = ^2 + B^y/N + + D^y/Ny/Wx = 0. (3) 

If Xi depended on more than two radicals of order n, we should 
only have to add to the above expression for fixi) more terms of 
like nature. 

Jdquation (3) is possible only when A2 = B2 — C2 = B2 ~ 0 . 
Otherwise \/N could be expressed rationally as a function of 
radicals of order n and of radicals of lower order, which is con- 
trary to the hypothesis. 
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Let \/Fi 2 , • • • be the radicals of order n — 1 in . 

These radicals occur in A 2 , £ 2 , U 2 , A. If for simplicity we con- 
sider only two radicals -v/Mi, \/Ni 2 , we have 

A 2 = A 3 + Bz^yNll + Cz'\/Ni2 + Ds\/Nii'\/Ni2 (4) 

and analogous expressions for JB 2 , C 2 , D 2 . On account of the 
independence of the radicals, we must have 

A 3 = Bz = Cz ^ A = 0. 

Equations (4), and hence also f(x) = 0, are satisfied when Xi is 
replaced by any one of its conjugates obtained by changing the 
signs of ‘s/Nii and Thus we see that f(x) = 0 is satisfied 

when xi is replaced by any one of its conjugates obtained by 
changing the signs of the radicals of order n — 1. The same 
reasoning applies to the radicals of order n — 2, — 3, • • • . 

Hence the theorem is proved. 

Illustration. Let x = — + 'n/i + \/3- There are 2® = 8 

conjugate values, a = --'\/2 is a radical of order 1 . 6 = 1 . 

\/N = V 1 + -s /3 is a radical of order 2 . We have 

X 4" \/2 = 1 4“ v^. 

Squaring 

x^ + 2\/2x + 2 = 14- Vs 
or 

+ 2V2a; + 1 = ^/3. 

Square and collect terms. We have 

a;' 4- lOx^ - 2 = -4V2(a:' + x). 

Square again and collect terms. We have 

I* - 12 / + 32x^ - 72x^ + 4 = 0. 

Exercises 

Form the equations with rational coefficients which have the 
following roots: 

1 . 2 ; = - V3 + Vl+^. 

Alia, x" - 162 -® + 682 ' - 128^ +4 = 0. 

2. 2 = -Vs + V4"+ Vl. 

Aas. 2 ® - 362 ® + 3202® - I 682 " + 4 = 0 . 
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S, .X — 1 “v/s T* 3 "f” "y/S. 

Ans. + 8x^ + 8a:® - 64a:® 134a:^ + 40a:® + 248a:^ + 160a; 

+ 25 = 0. 

14.10 The equation <t>ix) lowest degree satisfied by X\ 

and its distinct conjugates. 

I. (j>{x) is irreducible. Suppose 0(a;) were reducible, then by 
definition 


<l)(x) = a(x)fi(x), 

where Q:(a:) and /3(a:) have as their coefficients rational numbers.* 
Since (l>{xi) = 0, either a(xi) = 0 or ^(xi) = 0 or both. But if 
a(x) = 0 [^(x) = 0] admits xi as a root, it admits all of its conju- 
gates as roots. Then we would have an equation a{x) = 0 
[/3(a:) = 0], of lower degree than0(a:), satisfied by xi and its distinct 
conjugates. This would be contrary to our assumption that 
<p{x) = 0 was the equation of lowest degree satisfied by xi and 
its distinct conjugates. Hence (t>{x) is irreducible. 

II. <t>(x) = 0 has no multiple roots. For if it had multiple roots, 
0(x) and <l>'(x) would have as highest common factor a polynomial 
with rational coefficients and of positive degree, and hence 4>(x) 
would be reducible. 

HI. = 0 has no roots other than Xi and its distinct conju- 
gates. Otherwise P(x) and <p(x) would have as highest common 
divisor a polynomial of positive degree and <j){x) would not then 
be irreducible. 

IV. Since cl>(x) ~ 0 has no multiple roots and <j>(xi) = 0, then 
the only roots of 0(a;) = 0 are xi and its distinct conjugates. 

V. </)(x) =0 is (save for a trivial constant multiplier) the only 
irreducible equation with rational coefficients satisfied by xi and 
its distinct conjugates. If there w^ere another /(x*) = 0, then/(a:) 
would have ct>(x) as a factor and accordingly would be either a 
constant multiple of <l>(x) or would be reducible. 

VI. There cannot be two different irreducible equations of the 
same degree. Otherwise, by eliminating the term of highest degree 

* If any polynomial <p{x) with rational coefficients is the product of two 
polynomials a(x) andiS(a:) both of positive degree, and if one of these has 
rational coefficients, the other will, also. This may be seen from the 
nature of the process of division by which the coefficients of the second 
factor polynomial may be identified. 
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we could obtain an equation of lower degree satisfied by xi and 
its distinct conjugates. Then <l)(x) = 0 would not be the equa- 
tion of lowest degree satisfied by the x/s. 

Hence cl>{x) = 0 is the irreducible equation of lowest degree 
satisfied by Xi and its distinct conjugates. 

14.11 P(jc) is an integral power of P{x) = Oand0(a;) = 0 

have xi and its distinct conjugates as their only roots, and (h{x) = 0 
has no multiple roots. Then 

P{x) = Pi{x).<t>{x) 

and Pi{x) has rational coefficients. If Pi{x) is not constant, then 
its roots are also roots of P{x). That is, xi or one of its conjugates 
is a root of Pi{x) = 0. But in that case all of the a;/s are roots 
of Piix) = 0. Then 

Pi{x) = P2{x)^(h{x). 

Again, reasoning in the same way, either P2{x) is a constant or of 
the form P2{x) = Pz{x) ’(t>{x). At each step the degree of the 
quotient is decreased by one. So after a finite number of steps 
we reach an equation of the form 


Hence 


Ps~i{x) — C 4 >{x), [C, a constant 7^ 0]. 


p(:r) = mx)r. 


If the degree of chix) is r, then 

2 " = r.s. 


Therefore r is also a power of 2. 

Hence we have the following theorem: 

Theorem: The degree of the irreducible equation satisfied by a 
number x obtained by a finite number of rational operations and ex- 
traction of square roots is a power of 2 ^ 

Since there is only one irreducible equation satisfied by all of 
the x/s, we have the following theorem: 

Theorem: If the degree of an irreducible equation is not a power 
of two, the equation cannot be solved by a finite number of rational 
operations and extraction of square roots. 
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Illustration: Let z = Vs + \/2 + Vz — ■\/2. There are 
2® = 8 conjugates. The equation of degree 8 that has all of 
these 8 conjugates as roots is 

X* - 24x^ + 162“ - 482:" + 64 = {x* - 12a;' + 8)' = 0. 

In this case only 4 of the conjugates are distinct. The irre- 
ducible equation satisfied by all of the conjugates is <l>(x) = 
X* - 12a;' -1-8 = 0. 


Exercises 

Form the irreducible equation <l>{x) = 0, with rational coeffi- 
cients, which is satisfied by the following value of x: 

1. x = 

2. x = V2 + 

Z. x = Vz + V5+Vz-V^ 

i. X — ■\/2 -f -\/Z -|- \/5 

5. a; = + V2 -I- V2 

6 . a; = V l + 2-v/2 -f Vl -f- 3 ■>/§ 

7. X = 4/3 -h Vz^+ y/2 

8. X = “h a/s -|- \/2 

9. X = -2^^/ 3+V1+V2 

10. X = — 2 — ^^2 -h a/3~+ s/Z 

11. X = -1 - - A/r+~^ 

12. X = 1 -1- V? - a/3 

13. X = 1 -I- V2 - a/5 

14.12 Duplication of the cube : The problem is to find the edge 
a: of a cube whose volume is twice that of a given cube. Ana- 
lytically this is equivalent to solving the equation = 2. 

If this equation was reducible, it would have at least one ra- 
tional linear factor. Any rational root is an integral divisor of 2. 
By trial ±1, dz2 are not roots. Hence — 2 = 0 is irreducible. 
Since — 2 = 0 is an irreducible equation whose degree is not 
a power of 2, it does not have a constructible root. Hence the 
desired construction is impossible with ruler and compass. 

14.13 Trisection of an angle. To show that not all angles can 
be trisected, it is sufficient to show that 120° cannot be trisected. 
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An angle of 120® can be trisected if and only if we can construct 
sin 40®. For, given an angle of 40® we can construct a right 
triangle, with unit hypotenuse, that contains the angle. The 
length of the side opposite the angle of 40® is numerically equal 
to sin 40®, If we have given sin 40®, at one end A of the line 
segment whose length is sin 40® construct a perpendicular. With 
the other end B as center of a circle, with unit radius, construct 
an arc intersecting the perpendicular in C. Then Z.ACB == 40®. 

From trigonometry we have cos 120° = 4 cos^ 40® — 3 cos 40®. 
Multiply each term by 2. Replace 2 cos 40® by x and 2 cos 120® 
by —1; we have 

- Zx + I 0. (5) 

If this equation was reducible,* it would have a rational linear 
factor. Any rational root is an integer and a divisor of 1. By 
trial zhl are not roots. Hence (5) is irreducible. Since (5) is an 
irreducible equation whose degree is not a power of 2, it does not 
have a constructible root. So it is impossible to trisect some 
angles with ruler and compass, and no Euclidean construction for 
trisecting all angles is possible. 

14.14 Regular polygon of 9 sides. In a regular polygon of 9 
sides, one of the equal sides subtends an angle of 40° at the center. 
By the previous article we have seen that x = 2 cos 40® cannot 
be constructed by ruler and compass. Then x/2 = cos 40® can- 
not be so constructed. Hence 40® cannot be so constructed. 
Thus we see that it is not possible to construct with ruler and 
compass a regular polygon of 9 sides. 

14.15 Regular polygon of 7 sides. In a regular polygon of 7 
sides, one of the equal sides subtends, at the center, an angle A 
of 360/7 degrees. If we could construct this angle we could con- 
struct a line segment of length a: = 2 cos A. 

Since 

7A — 360®, cos 4 A = cos 3A. 

But 

2 cos 4A = 2(2 cos^ 2A — 1) = 4(2 cos^ A — 1)^ - 2 = (o:^ — 2)^ — 2 
2 cos 3A = 2(4 cos'^ A — 3 cos A) = — ^x. 

*The reader should not confuse this use of “reducible” with that in 
the “irreducible case,” nor with that in the “reduced cubic.” 
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Therefore 

-2 = - Zx. 

Whence 

X* - 4x’‘ + 2 - + 3x = (x - 2)(x^ + a;* - 2a: - 1) = 0. 

o^ao 

If a; == 2, then would cos A = 1, whereas cos -y- < 1. Hence 

a;® + - 2a; ~ 1 = 0. (6) 

If this equation were reducible, it would have a rational linear 
factor. Any rational root would be an integer. By trial ±1 are 
not roots. Hence (6) is irreducible. Since (6) is an irreducible 
equation whose degree is not a power of 2, it does not have a 
constructible root. Hence, with ruler and compass, it is impos- 
sible to construct a regular polygon of 7 sides. 

Exercises 

1. Prove that the angles 10®, 20®, 50®, 70®, 80® cannot be con- 
structed with ruler and compass alone. 

(In some cases use sin 3A = 3 sin A — 4 sin^ A.) 

2. Prove that every real root of + q — 0 can be con- 

structed with ruler and compass, given lines whose lengths are 
p and q. 

3. Prove that it is possible to construct with ruler and compass 
alone the legs of a right triangle, given the length of the hypotenuse 
and the area. 


14.16 Regular polygons of 5 and 10 sides. 
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In a circle of radius unity and center 0, draw two perpendicular 
diameters AA^ and BB'. Find the midpoint P of OA. With P 
as a center and radius PB draw a circle cutting A A' at C. Then 
BC and OC are the sides of the inscribed regular polygons of 5 
and 10 sides respectively. 

We have 


PB = V5/2; 


OC = 1(^/5 - 1) = 2 cos ^ = 2 sin 18°; 

5 

BC = Vr+W = |Vio - 2^. 


Whence BC^ 


i(10 - 




(2 sin 36°)^ 


14.17 Regular polygon of 17 sides. The possibility of con- 
structing a regular polygon of 17 sides is proved if we show that 

cos can be constructed. Consider the equation 


+ - • + x" + X + 1 = 0. 


One root is P == cos ^ -f i sin 


Gauss arranged the roots in the order 

P p3 p9 plO pl3 p5 plh pll pl6 pl4 p8 p7 p4 pl2 p2 p6 
Jtl, JCC , JX , il j It , it , K j It ^ It ^ it , It j It , K , It , It , 

each of which is the cube of the preceding, the first being the cube 
of the last. 

Set 

yi = R + R" + + R'^ + R" + R* + R" 

y, = R^ + i?'" + i?® + + ii' + /?" + R\ 


Then 2/1 + 2/2 = —1, 2/iJ/2 = —4, and each y satisfies the equation 
2^2 _j_ ^ ^ _ Q ^]2ose roots are 


y = 


zfc'v/l? — 1 


2 


(8) 
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But 

yi 


- (/2 + + {le + + {R^ + R^^) + {R^ + R^) 


= 2 cos + 2 cos ^ + 2 cos ^ + 2 cos > 0 
17 17 1/ 17 

VlT - 1 -Vl7 - 1 

..y, = , 


Now set 

Zl 




= R + + iE*® + ie‘ = 2 cos + 2 cos ?? > 0 

17 1 ( 

= + R'" + + iE" = 2 cos ^ + 2 cos ^4- < 0. 

1/ D 


Then zi + = yi, Z 1 Z 2 = —1, and each z satisfies the equation. 

z^ — ^jiz — I — 0, whose roots are (9) 


Zl 


_ VI? - 1 j V34 - 2V17. 


Z2 = 


Now set 


Wi 


Vi? - 1 V34 - 2V17 

4 4 

Gtt 


= ?E' + iE" 4- R"' + R"" = 2 cos ^ + 2 cos ^4" > 0 

1/ 17 


u )2 = iE'° + iE“ + iE’ + iE' = 2 cos + 2 cos ~ < 0. 

Then Wi + W 2 — 2 / 2 , = —1, and each w satisfies the equation 

— y^w — 1 == 0, whose roots are 


Wi 




Now set 


Ui 


- - ^ 4- + 2 V 17 

-V17-1 V34 + 2 Vy 

4 4 

27r 


= jfg 4 - /E'® = 2 cos U 2 = iE^ + ?E“ = 2 cos 


17 
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Then 


Wl > > 0, Ml + % = 2i, UxWi — Wi. 

Whence each u satisfies the equation 


— Ziu + Wx = a whose roots are (11) 



Fig. 39 


and we see that Ui/2 = cos — can be obtained by a finite number 

of rational operations and extraction of square roots of real num- 
bers. Hence the regular polygon of 17 sides is constructible. 

Construction 

With 0 as center draw a circle with unit radius and another 
with radius two. Construct two perpendicular diameters OA and 
OFx. Draw CD tangent to the larger circle at A and CiDx to the 
smaller circle at GonOA. Take AB = — |. Then OB = \/l7/2. 
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With R as a center and BO as a radius construct a circle cutting 
AB at C and D. Connect C and D with 0 through Ci and Di. 

AC = 2/. = -i - ^ and AZ) = = -i + 

GDx = §AI), CCi = |AC. 

OCi = V~OG" + mi = Vl + iyl; 
oci = Vd¥TWi = vTTi^- 

With Di as a center and ODi as a radius draw a circle cutting 
GDi at H and K. With Ci as a center and OCi as a radius draw 
a circle cutting GDi at iV and P. Then GN = W 2 j GP = Wi, 
GK = ;32, GH = 21 , when taken as in fig. 39. In detail 


GH = CCi + CiH = GDi + OD, = Ij/i + Vl + ft/? = si, 
GP = CiP - CiC = CiO - CiG = §2/2 + Vr+lyl = wi, 

We now proceed to construct the roots of equation (11). 

Erect a perpendicular to GH at H, Designate by Gi the inter- 
section of this perpendicular with OX. Lay off on HGi produced 
a segment ffiPi = GP. Then if 0 is the origin of coordinates 
and OX is the a;-axis, the coordinates of Pi are ( 21 , w-^. The 
coordinates of Q are (0, 1). Let M be the middle point of the 
line joining Q and Pi. Draw the semicircle with M as center and 
QM as radius. This will intersect OX in two points R and S. 
By §14.2 OR and OS are the roots of (11). The larger root 

OS = ui = 2 cos 

At the midpoint T of OS erect a perpendicular cutting the unit 

circle at E. Then OT = cos ^ and ZTOE = Hence the 

chord EF is one side of the regular polygon of 17 sides inscribed 
in the unit circle, where F is the point (1, 0). 

Exercises 

1. Show that one can construct regular polygons of 3, 4, 6, 8, 
12, 15, 16, 20, 24, 34 sides. 



218 RULER AND COMPASS CONSTRUCTIONS [u.i7 


2. Show that with ruler and compass alone one cannot trisect 
an angle whose sine or cosine is 1/2, 1/3, 2/3, 1/4, 3/4. 

3. Show’’ that with ruler and compass alone one cannot con- 
struct a regular polygon of 18 sides; 9-2” sides {n an integer). 

4. The accompanying figure* shows an elementary construction 
for a regular inscribed pentagon and decagon. Only the Pythago- 
rean theorem is necessary in the demonstration. 



Verify that if 

OC = 1 + \/5, OB = 1, we have 

AE = iVl0'+ 2V6; OE = i(3 + Vs); 

AD = DC = CC = CD' = D'A' = 2. 

Given BC 1 OA-, OD 1 AC; OB' = \; B'C ± OA'; D' bisects 
avcA'C. 
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ANSWERS 


§1.3 


1. 13/11 

8. 43/48 

15. a:2 - 1 

2. 15/8 

9. a: — 1 

16. (a: - 1)2 

3. 13/23 

10. + 1 

17. a: + 1 

4. 25/12 

11. a: — 1 

18. a:2 4- 5a: + 1 

6. 12/19 

12. (a: + 1)2 

19. (x2 + 3a: + 1)^ 

6. 24/13 

13. a:2 + 3a: + 2 

20. fc = -5 

7. 11/27 

14. a:2 — 2a: + 4 

21. = ±1 

22. + 4ac' 

— ISabcd + 46®d — 

hV 23. A: = 0, or 1 


§1.6 


1. -1, -5 

3. 1, -5/2 

6. 1(1 ± V^s) 

CO 

1 

CQ 

1 

4. -3, -3 

6. 1(5 ± V^) 


§ 2.2 


1. 

5 

6. 0 

11. 

1 

16. 

(3, -5) 

2. 

16 

7. 0 

12. 

1 

17. 

(i i) 

3. 

26 

8. 0 

13. 

(5, 2) 

18. 

(iij -is) 

4. 

10 

9. cos2 X 

14. 

(4, 3) 

19. 

(I) “D 

5. 

0 

10. 1 

16. 

CO 

1 

20. 

(2, 3) 





§2.3 


1. 

-57 

6. 80 

9. (5, 2, 3) 

13. (3, -1,2) 

2. 

101 

6. 0 

10. (4, -2, 1) 

14. Det. = 0 

3. 

0 

7. 0 

11. (Aj it) 

16. (-1, 2, 1) 

4. 

34 

8. 0 

12. (+1, +2, +3) 

16. (10, 2, -6) 


§ 2.6 

1. Case V. 

2. Case I: Three planes meet in a common point (3, 2, 1). 

3. Case V: Two parallel planes cut by a third plane. 

4. Case IV: Add the last two and divide by two. 
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6. Case II. 

6. Case III. 

7. Case IV. 

8. Case V: 

The three planes intersect in 

three parallel lines. 

9. Case IV. 

10. Case V (2). 



§3.3 


1. 8 + 

7. -56 + iOi 

13. + iz 

2. 8 “{“ 2^ 

8. {x‘^ — y^) + 2xyi 

14. A(-3 + 28t) 

3. 8 

9. 16 + 30i 

15. i 

4. 6i 

10. 16 - 30f 

16. 1^(19 + 4i) 

6. 25i 

11. -9 + 46t 

17. ^(-1 + 4\i) 

6. 13i 

12. -46 + 

18. iV(23 + 7i) 


20. (a) (5,2);(b) (7, 3) ; (c) (2, 3); (d) (3, 5), and their negatives. 

21. (a) 3 — 2i] (b) 4 + 3t; (c) 5 + 4i, and their negatives. 


2. (a) VlS) arctan |, 
-.3 

(b) \/l3j arctan ~~ 

j£i 

(c) 5, arctan |; 

—4 

(d) 5, arctan — ; 

o 

(e) 10, arctan f ; 


(f) 13, arctan 


-b . 
12 ’ 


4. (a) 
(b) 


2 2 ’ 
2 2 ’ 


(c) 3 ± 2z; 

(d) -3 ± 2i; 

(e) 2 i 32 j 

(f) -2 ± 3 j; 


^g) 5, 90°; 

(h) 5, 270° 

2 

(i) a/TS) arctan— ; 

(j) 1,60° 

(k) 1, -60°; 

(l) 1, 135°. 


f . , 1 ^ \/3 . 

(g) 1, -2± 

(h) =bl, ±^; 

"^’2 ^ 

(j) ±1, 



§3.7 

1. (a) 3 (cos 0° + i sin 0°); 

(b) 2 (cos T i sin x) ; 

(c) 3 (cos 90° + i sin 90°) ; 

(d) 4 (cos 270° + i sin 270°) ; 

(e) '\/2 (cos 45° + i sin 45°) ; 


{^) 2 (cos 60° + i sin 60°) ; 

(h) 2 (cos 300° + i sin 300°) ; 

(i) 2 (cos 120° + 2 sin 120°); 

(j) 2 (cos 330° + z sin 330°) ; 


(k) 2 (cos 30° + i sin 30°) ; 

(f) V2(cos315° + zsin315°);(l) 2 (cos 240° + z sin 240°). 
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2. 

3. 

4. 

5. 


6 . 


Kv^ + i) 
i(l + \/3 i) 

2 2 


7. ^ (1 + i) 

8 . 1 

9. 1 

0. i(l + V3 i) 


(a) 9; 

(i) 

(b) 16; 

(i) 

(c) 4(-l - i); 

(k) 

(d) 2(-l - i);_ 

(1) 

(e) 8(— 1 + -v/S i)i 

(m) 

(f) 16('s/3 + i); 

(n) 

(g) -1728; 

(o) 

(h) -64; 



12. i(V3 - i) 
13.. -1 
14. i 
16. i 


128(-1 - VSi); 

1 ; 

1 ; 

- 1 ; 

— 9\/3 i] 

-117 - 44i; 
-239 + 285601. 


§3.10 

1 . :^(i+i),::^(-i-i) 2. (- 1 +i),:^(i -i) 

3 . ^(1 ±i),:^(-i ± 1 ) 

4. 1, cos 6 + i sin 6, 6 72^ 144^ 216°, 288° 

6. ~1, cos d + i sin 6, 6 = 36°, 108°, 252°, 324°. 

6. zhl, f(l dz -x/S z), f(— 1 db \/3 0 

7. — |(zt: \/34" 

8. i, |(±'\/3 — i) 

9. cos 22?5 + zsin 22?5; --cos 22?6 — t sin 22?5; 
cos 112?5 + esin 112?5; - cos 112?5 - ^'sin 112°5 

10. cos 22?5 — i sin 22?5; —cos 22?5 + ^ sin 22?5; 
cos 67?5 + % sin 67?5; -cos 67?5 - % sin 67?5 

11. ±1; ±i; ^(±1 ± i) 

12. ±i; |(±v^ ± i) 

13. cos B +_i sin 6, 6 = i0°, 130°, 250° 

14. ±HV3 + i), ±i(-l + V3 0 

16. cos e + i sin 6, B = 30°, 102°, 174°, 246°, 318° 

16. cosj + i sin 6, B = 50°, 110°, 170°, 230°, 290°, 350° 

17. (cos e + i sin B), B = 22°.5, 202°.5 

18. ^2 (cos e + isin 6), 6 = 157°.5, -22°.5 

19. V2 (cos e + 1 sin 6), 6 = 45°, 117°, 189°, 261°, 333° 
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20. -^2 (cos 0 i sin 0), 0 = 20°, 140°, 260° 

21. \/2 (cos 0 i sin 0), 0 = 75°, 255° 

22. (V3 - i) 

23. =fc|(V3 - i) 

24. cos ^ ^ sin $, $ = 105°, 225°, 345° 

26. cos 0 i sin 0, 0 = 75°, 195°, 315° 

26. 3, K-l db iy/Z) 

27. (±1 it i) 

28. 2 (cos 0 + i sin 0), 6) = 0°, 72°, 144°, 216°, 288° 
29# ±2“^, zh\/3 db t 

30. zb2, zbl db 'i\/3 
34# 0 and 3 
36. 2, 0, 2 

36. w, 1, 

§4.2 


1. 12 

11. 2 

21. 0.8 

31. 0.001 

2. 3.5 

12. 2.8 

22. 0.003 

32. 0.01 

3. 3.2 

13. 3 

23. A 

33. i 

4. 3 

14. 3 

24. 0.0002 

34. 0.2 

6. 4 

16. 4 

26. 0.004 

36. 0.1 

6. 501 

16. 1.25 

26. 0.0001 

36. 0.02 

7. 2 

17. 0.5 

27. 0.001 

37. 0.03 

8. 1.01 

18. 4 

28. 0.0001 

38. 0.04 

9. 2 

19. 0.2 

29. 0.00001 

39. 0.05 

10. 2 

20. 0.5 

30. 0.0001 

40. i 

1. 4a;2 + 

9x^ + 10a: 

§4.3 

6. 3a:2 — 

12x + 11 

12a:2 + 

18a: + 10 

6x — 

12 

2. 5a:^ - 

21a:2 + 6x 

6. Sx^ - 

2a: 

20a:® - 

42a: + 6 

6x — 

2 

3. 15a:^ + 20a:® ~~ + 

CO 

1 

14a: + 12 

60a:® + 60a:^ — 12a: 

6a: — 

14 

4, 8a:® 4- 

9a:® — 8a: + 

5 8. 4a:® — 

10a: 

24a:2 + 

18z - 8 

12a:2 — 

10 

9. 4a:® + 

9a:® + 8a: + 12 


12a:2 + 
10. 5a:^ ~f 

18a: 4- 8 

8a:® — 18x® — 

24a: - 15 


20a:® + 24a:^ — 36a: — 

24 
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§4.6 


1. 

-3 

5. - 

115 

9. -1 

13. 

-123 

2. 

12 

6. 

73 

10. 6 

14. 

3 

3. 

1 

7. 

12 

11. -4 

15. 

-200 

4. 

32 

8. 

3 

12. -6 

16. 

24 





§4.6 



1. 

5 

3. 4 


6. 11 

7. 

7 

2. 

12 

4. 5 


6. 5 

8. 

10 


§4.7 

1. _ a:* - 9a: - 13, R = -23. 

2. + 2x^ - 9x^ + 20a: - 43, i? = 91 

3. X* + 3a:» + 4a:2 + 15a: + 45, = 128. 

4. 2x^ "h 4a: — 1, jB = 4 

6. 2a;® + a:® — x, R = —7 

6. 2a:^ + a:® - 6a;^ - 12a: - 19, = -48 

7. 3x® + a:® + a: + 2, E = 9 

8. 2x® + X® + X + 2,R = 1 

9. x^ — 2x® + 4x® — 8x + 16, 22 = 0 

10. X® + 2x^ + 4x® -f 8x® + 16x + 32, 22 = 0 

11. 3x® - 2x® + X - 10, 22 = 33 

12. x^ + X® - X - 2, 22 = 1 
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16. Min. 2 / = 0 at X = 0 . 

17. Min. 2 / = 0 at X = 1 , 4; max. ?/ = fi at x == f . 


256 


at X 


18. Max. 2 / = 0 at X = 0; min. y = ^ ^ . 

19. Max. 2 / = 32 at X = 0 ; min. 2 / = 0 at x = 4. 

20. No max. or min. 

21. Max. 2 / = 0 at X = 0 ; min. y == —256 at x = 4. 

22. Min. ^ = 0 at X = 3; max. y = 26244/3125 at x = 9/5. 

9 - -v/il. . 


23. Mia. 2 / = 0 at a; = 0 ; max. at x = 


■ ; min. at x = 


9 + Vil 
4 


24. Max. 2 / == 8 at X = 0; min. y = ~8 at x = ±2. 

26. Min. y = 5 at x = 3; max. y = 9 at x = 1 . 

26. Min. y = —21 at x = 3; max. y = 104 at x = — 2 . 

27. Max. y = —4 at x = 0 ; min. y = —20 at x = ±2. 

28. Max. y — +1 at x = 0 ; min. y = — 15 at x = ±2. 

29. Max. y = 2 at x = 0 ; min. 2 / = — 14 at x = d= 2 . 

30. Max. y = 16 at x = 0 ; min. y = 0 at x = ±2. 

31. Max. y — —9 at x = 0; min. y = —25 at x = ±2. 

32. The roots are 3, 5 , There is a max. between | and 5. 
Max. at X = 0.41; min. at x = 2.14 

33. -1, 2, 2 36. 3, 3 , -2 38. -4, -4, 3 

34. -2, -2, 3 37. 5, 5, -2 39. 2, 2, 2, -4 

36. 2, 2 , -3 


§6.2 

1. x» - 7x - 6 = 0 

2 . 6x« - 17x2 + iia- - 2 = 0 

3. x® H- 3x2 - 4x - 12 = 0 

4. x^ - 8x2 _|. 23a;2 - 28x + 12 = 0 

6. x^ - 9x2 ^ 26x2 - 24x = 0 

6. x‘ - 3x2 _ 6^:2 + 28x - 24 = 0 

7. 24x2 _ 26x2 + 9x - 1 = 0 

8. 6x2 _ 25x2 + 32x - 12 = 0 

9. 24x2 _ 4gj.2 _|_ 2Qx — 6 = 0 

10. 9x2 _ - 53 x - 30 = 0 

11. x2 - 3x2 - 5x + 15 = 0 

12. X* — 5x2 6 = 0 

13. x2 - 1 1x2 + 37a. _ 35 = 0 

14. x2 - 3x2 - 3x + 1 = 0 
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16. a;^ - 10a:=' + 32ci;^ - 34a: + 7 = 0 

16. — 3a:- + 4a: — 12 = 0 

17. - 5a:2 -f 9a: - 45 = 0 

18. a:3 - 10a:2 + 37a: - 52 = 0 

19. a:^ - lOa:' + 50a:* - 130a: + 169 = 0. 

20. a:^ - 8a:® -f- 24a:2 - 44a: + 35 = 0. 


§5.6 

1. a:® - 9a:2 + 28a: - 24 = 0 

2. a:® — a;* — 8a- + 12 = 0 

3. X* - 10a:® + 35a:* - 50a: -f 24 = 0 

4. a;® - 2a:* - 9a: 4- 18 = 0 
6. x^ - 13a:* -f- 36 = 0 

6 . x^ — 7a:® -j- 18a:* — 20a: + 8 = 0 

7. X® - a:* - 3a; + 3 = 0 

8. x* — 5x* + 6 = 0 

9. X® - 15x^ + 85x® - 225x* + 274x - 120 = 0 

10. x^ - 19x* - 6x + 72 = 0 

11. x" - 4x® - 19x* + 46x + 120 = 0 

12. x‘ - 4x® - 7x* + 22x + 24 = 0 

13. x‘ — 4x® + X* + 8x — 6 = 0 

14. x^ — 6x® + 5x* + 18x — 24 = 0 

16. a4 - 7x* + 10 = 0 

16. X® — 5x* + llx — 15 = 0 

17. x^ - 13x* + 36 = 0 

18. x^ - 2x» - 13x* + 14x + 24 = 0 


§5.8 


1. atl, 2 dr 'x/S 

2. 1, 2, 1 ± i V2 

3 . — 1 , d= l 

4. 1, 2,3 

5. 2, 4, - 1 =t i V3 

6. 1, 3, 5, 7 

7. 2, 3, 2 d-. \/7 

8. 1, 4, -2, -5 

9. 1, .5, -3, -7 

10. ±1, 3, 5 

11. 1 ± \/2, 2, -1, -3 

12. 1 ± i V% 5, -1, -6 

13. 4, 2, -6 


14. -3, -4, 5 

15. 1, 2, 3, -6 

16. 1, 2, 3, -2, -4 

17. d=2, -3, -4, 7 

18. =hl, =b2, ±3 

19. drl, d=2, d=5 

20. rtl, zir2, db3, db5 

21. 3. i, -I 

22. No rational root 

23. 5, 8, i 

24. 6, 7, -# 

25. I, f, 5 

26. 5, 6, f 
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§6.9 


1. 

-3, 2 

8. 

db8 

16. -2, -5, 3, 4 

2. 

2, 2, 3, -5 

9. 

6, 8 

16. -4, 2, 5, 6 

3. 

4, 5,6 

10. 

2,3 

17. 3, 6, -4 

4. 

-3, 5, 8 

11. 

±12 

18. ±2, ±3, -5 

6. 

-4, 2, 5, 8 

12. 

±6 

19. ±1, ±6, 5 

6 . 

-3, -10, 5, 8 

13. 

±10 

20. ±6,4 

7. 

±2, ±9 

14. 

±3, ±8 





§6.10 


1. 

-2, 1, 30 


6. 

1, 7, 10 

2. 

±2, 5 


7. 

-2, -4, 6, 11 

3. 

5, 8 


8. 

±5, ±6 

4. 

5, -6 


9. 

±2, ±5. 

6. 

1,5,8 


10. 

±3, ±5, -3, -4. 




§5.11 


1. 

i, h -2 

5. 

1, -3, -i 

9. ±2 

2. 

ztl, ±f 

6. 

±i 2, 3 

10. ±i, 1 

3. 

2, — i, —f 

7. 

2, 3, -1, i 

11. ±§, ±i, 1. 

4. 

2, 3, 

8. 

f) “f 





§5.12 


1. 

1 

7. 

-2 

13. ±1 

2. 

-1 

8. 

-2 

14. ±i 

3. 

1 

9. 

2 

16. 1 ± V2 

4. 

-2 

10. 

3, ”2 

16. ± \/3 

5. 

-1 

11. 

-3 

18. + 4R3 = 0 

6. 

-1 

12. 

3 



§6.13 

1. Double root at x = 3, f 

2. One root less than 2; one greater than 5; one between 2 
and 5. 

In the intervals 

3. (0, 2), (2, 6), (6, + ®). 

4. (1,2), (0, 1), (2, + «>),(-!, -2). 

6 . (- 00 , - 2 ), ( 0 , 1 ), ( 1 , 2 ), ( 2 , + ®). 

6. (-0O, -3), (-3, -1), (-1,0), (1,3), (3, +»). 

7. (-^, -2), (-2, -1), (-1,0). 

8. (-CC, -6), (-6, 2), (2,4), (4, «). 



ANSWERS 


229 


' x' + + 7^ -~n ^ ® + 3a: - 5 

3 ^ ^ ~ 0 5. 2a:^ + 3a2 - 7 = 0 

■ 6. 3a:‘ + 4a:5 - 2x - 5 

■ + a; + 2a;® + 3a:® + 5x + 4 = 0 

. 5a;« + 3a:® + a:® - 7 = 0 
. 7x* H- 4a:® + 6a;® - 3a: - 2 = 0 
• a;« + a;® + a: + 3 = 0 
. 3a:® + 5a:» - 7x - 5 = 0 

. 2a;® + 3a;^ - 5a;® + 6 = 0 
. 5a:® - 2a:® + 12a; - 8 = 0 
. ar* — 3a;® + 20a; — 48 = 0 

, a;4 _ a;3 4. 33.2 _ 4 27 = 0 

a;^ - 8x® + 80 = 0. 

, a:® + 4x® 4 16a; + 64 = 0 
3a:^ — 5a® — 7a; — 2 = 0 
a® — 6a® — 8a + 32 = 0 
x^ + 15a® + 25a + 250 = 0 
a® + 32a + 64 = 0 
a® + 45a® - 81 = 0 


23. a® + 3a® + 10a - 100 = 0 (5) 

24. a® + 3a® - 12a + 54 = 0 (6) 

26. a^ — 5a® + 18a - 27 = 0 (3) 

26. a® + 2a® — 9a + 48 = 0 (6) 

27. a^ - 20a® + 100a - 1250 = 0 (10) 

28. a< — a® + 2a2 - 35 = 0 (5) 

29. a^ + 3a® 4 8a® 4 I6a 4 64 = 0 (4) 

30. a^ - 10a® 4 I2a - 32 = 0 (2) 

31. a® — 3a^ 4 12a® 4 54a® - 1152 = 0 (6) 

32. a® - 25a® 4 250a - 375 = 0 (5) 

33. a^ - 5a® - 15a® 4 135a 4 360 = 0 (30) 


0 

0 


§6.3 

1. a® 4 2a 4 1 = 0 

2. a® 4 1 = 0 

3. 4a® — 7a® 4 5a 4 3 = 0 

4. 7a® — 5a® — 3a® 4 2 = 0 

6. 2a® - 5a® - 5a 4 2 = 0 

6. 2a® - 3a® 4 5a® 4 5a® - 3a 4 2 = 0 

7. 5a® - 7a® 4 7a - 5 = 0 
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8. a;5 + x* + 3a;3 + a: + 1 = 0 

9 . 5 x 2 _ 7^2 4 . 3 a; + 1 = 0 

10 . 3x^ + 5x2 - 5x - 3 = 0 

§ 6.4 

1 . t + 112/2 + 432/2 + 552/ - 9 = 0 

2. 2/2 + 152/^ + 942/2 + 3052/2 + 5072/ + 353 = 0 

3. 42/2 - 40^ + 1582/2 - 3082/2 + 3032/ - 129 = 0 

4 . Zy ^ - 772/2 + 7202/^ - 28762/ + 4058 = 0 

6 . 2y^ + 112/2 + 252/2 + 202 / = 0 

6. 2/^ + 22/2 _ 32^2 = 0 

1 . t - 102/2 - II2/ + 4 = 0 

8. 2/^ - 292/2 - 592/ + 5 = 0 

9. 2/2 - 272/ - 2 = 0 

10 . 2/2 - 122/ - 3 = 0 

11. 2/^ + 32/2 - 72/ + 2 = 0. 

§6.6 

1 . 2/2 - 472/ + 24 = 0 

2. 2/^ - 62/2 4- 1 = 0 

3. 2/2 - 12?/ - 9 = 0 

4 . 2/^ - 242/2 + 10 = 0 
6 . 2/2 - 1 = 0 

6 . 2 /^ - 12 = 0 

7. 2/' + 2/ + 1 = 0 

8. 2/^ - 162/2 - 402/ - 29 = 0 

9. 2/2 ~ 62/2 — 52/2 + 2 = 0 

10 . 2/2 + 302/2 + 402 / = 0 


§6.7 

1 . 1 , 1 , K -3 ± ys) 

2 . I,i {-1 ± Vs ±tV 10 ± 2 VSI; ±1; §(±1 ± 7\/3). 

3. ±1, 2, K-3 d= y/b) 

4. 1,1; — 1; — 1 , W, 

5. i, f, 2; I 

6 . 2 , 3 , f 

7. db2, ±2, rtf, ±1 

8. dz3, ±3; d= 3 , zb"! 

9. ±1; W; OJ; 0)^ 1 i j(l zfc i\/Z) 

10 . f(l ± i's/i)] f( — 5 ± •\/ 2 i) 
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11. -1, 2 ± Vs, Ki ± Vs) 

12. 1, 1, 1, -1, i(l ± ivT5) 

13. 2, 5, 3, — ^ 

14:. d=l, 2± \/3, 2 ± -\/3, —2 ± \/3, —2 ± -\/3 
16. ±1, —1 ± -v/S) — 1 ± V^) 1 ± \/^) 1 =fc "v/S 

16. Cl = 1:0, — 1, §(1 ± i'\/3) 

a = 5: -1, K3 ± VS), |(-3_± V^) 

« = 16: -1, 1, 1, K-1 ± 2V-2) 

a = 45: — 1, f(7 zt i\/i5), — 7 ± i\/435) 

® = -ST- "“I) ~2, — I, |( — 5 d= *\/TT) 

17. (x= -4- l)( x^ - \/S x + l ){x‘^ + -y/gg; + D ___ 
j^g — 2 -j- \/2a^ -|- 2ci db A/lOa — 2a^ — 4\/2a^ -t- 2a 

2(1 -~a) 

-2 - \/2a2 + 2a d= VlOa - 2a^ + W2a?' + 2a 

2(1 - a) 


§7.1 


1 . - 2 , 1 , 1 

2. 4, - 2 db I'V^ 

4. 4, -2, -2 
6. 3, 3, -6 

6. 9, 1 ± i ^ 


7. 2, 2, 5 


8 . 




14. 4, 1 ± 2 
16. 3, 3 ± z 
16. 2, 2 dz z 


9. 2, — 1 db z'\/6 

3 . 17. 6, zb z\/3 

18. 4, -2 zb z3-v/3 


10. 3, -|zbz 

11 5 8, -l±z-4V3 

2 


12. 2, -1 zb 3z 

13. 3, -3 zb z\/6 




§7.3 


1. 

-351 

4. 

2. 

621 

6. 

3. 

81 

6. 

11. 

(1) 0 



(2) -18,252 

(3) -9747 

(4) 0 

(5) 0 

(6) -9747 

(7) 0 


-135 7. 0 

0 8 . 0 

0 

(8) -8640 

(9) -5400 

(10) -35,100 

(11) -1,271,403 

(12) -11,664 

(13) -42,336 

(14) -400 


9. -175 
10 -23 

(15) -4 

(16) -4 

(17) -18,252 

(18) -428,652 

(19) -3,195,072 

(20) -33,075 
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§7.4 

1. 0.7422; -1.1371; 0.3949 

2. — 2, 1 i \/3 

3. 2 cos 20°, 2 cos 140°, 2 cos 260° 

4. 3, 5, -2 

6. 3.8232; -2.9304; -0.8928 

6. -1.4679; -4.8794; -2.6527 

7. 0.9085; - 1.3747; - 0.5337 

8. -5.0000; 0.4495; -4.4495 

§7.8 

1. -1, -1, -1, -3; w = 4 

2. —2, 4, —1 ± i\ u = —6 

3. §( — 1 ± \/5), ^1 rfc i\/TT) ; M = 2 

4. 2 zt "v/S) 1 i\/5; m = 4 

5. ~l“2, — 1, — 1 ± z\/^; M = 1 

6. — 1, 3, — 2 zt 'V^; — — 4 

7. 1 ± i, — 3 dz "v/S; M = 6 

8. ztl, -2, -4; u = 2 

9. §( — 1 zt t'v/7)) §( — 5 ± -v^TT) ; M = — 2 

10. 2, 3, §(-5 zt Vr?); w = 8 

11. 2, 4, -3 zb Vl9; M = -2 

12. 1, 3, -2 zb e; M = 8 

13. 2, 4, -3 zb VTS; w = 4 

14. 2, 2, -2 zb a/T2; u = -4 

15. —2, 6, —2 zt iy/2', u = —6 

16. 2 ± VIO, -2 zb i2V2; w = 6 

17. 2, 4, -3 zb VTl; w = 6 

18. -2, -2, 2 zb i2V2; u = 16 

19. zh3, -3 zb 2t; M = 4 

20. zh4, —3 zb i’v^; “ = ~2 

21. 1, -1, -1, -l;u = 0 


22. 1, 

1 

1 

u = 8 






§8.1 





Th. 3 

The largest 


Th.3 

The largest 


gives 

root is 


gives 

root is 

1. 

5.69 

4 

16. 

4.5 

3 

2. 

9.72 

5 

17. 

3 

1 

3. 

9 

8 

18. 

5.2 

3 
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4. 

13 

12 

19. 

5.3 

3 

6 . 

11.3 

10 

20. 

2.36 

1 

6. 

9.55 

8 

21. 

3.55 

1 

7. 

6.2 

4 

22. 

3.52 

2 

8. 

33 

30 

23. 

3 

2 

9. 

8.8 

5 

24. 

4 

3 

10. 

2.42 

1 

25. 

5.217 

3 

11. 

11.2 

10 

26. 

5 

4 

12. 

11.2 

10 

27. 

5 

4 

13. 

6 

3 

28. 

4 

3 

14. 

5.47 

4 

29. 

4 

2.1 + 

16. 

3.65 

2 

30. 

4 

3 


Exercise 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Th. 3 

5 

6 

11 

111 

5 

5 

3 

3 

3 

81 

Th. 4 

12 

6 

2 

6 

12 

17 

6 

3 

6 

5 


§8.5 


a 

b 

c 

d 

e 

f 

g 

h 

i 

i 

3 

1 

4 

3 

5 

4 

5 

5 

4 

5 


§ 8.6 

1. 5 2, 2 3. 3 4. 3 


§ 10.6 


1. 1.15 5. 1.80194 

2. 4.06 6. 0.28466 

3. 1.347 7. 4.2644 

4. 2.25132 8. 0.31469 

16. -0.67; 1.42; 5.25 

18. -2.67; -0.58; 3.25 


9. 0.739 13. -3.183 

10. 0.947 14. 2.25 

11. 1.895 15. 0.48 

12. 1.30 

17. 1.35; 4.06 


§ 11.6 

1 . +, +, +) 2 . 

3. auandud’u + + ai4a23<i3204i — 014021032043 

— 014022033041 — 0 l 402 a 03 l 042 
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4. (x^iC4.d^cs — CL2biC4d^6'i 

6 . ciih^zidiesfe — dtCefi ■+ diS^fi dteift, — deCsfi) 


§11.17 


1. (5, 3, 2) 

2. (5, 4, 1) 

3. (6, 2, 4) 


4. (3, 1,2, -1) 

5. (5,3, 1, -1) 

6 . ( 2 , - 1 , 1 , 2 ) 


7. (3, -2, 1, 2) 

8. (2, -2,3,1) 

9. (3, -1,2, -1) 


§13.5 


a 

b 

c 

d 

e 

f 

g 

h 

-16 

-147 

-31 

-256 

256 

0 

68 

30,685 


2. The discriminant in every case is zero. The roots are 


(a) 1, 1, -4 

(b) -4, -4, 1 

(c) 1, 1, -3 

(d) 2, 2, i(-l ±zv^) 


(e) 1, 1, i(-l ± iV3) 

(f) 2,2, -3, -1 

(g) -3, -3, 2, 6 

(h) 2, 2, 0, -4 


1. - 4a;2 + 1=0 

2. - lOa:^ + ] = () 

3. a-2 - 6 = 0 


§14.8 

4. - 10a;2 + 22 = 0 

5. - 15x^ +4 = 0 

6. x^ - 8x2 + 20 = 0 


§14.11 

1. - 10x2 + 18 = 0 

2. - 14x2 +9 = 0 

3. x< - 12 x 2 + 20 = 0 

4. x' - 40x« + 352x^ - 960x2 + 575 = q 

5. x2 - 12x'> + 6 x‘ - 12x2 + 1=0 

6 . x® - 8 x« - 180x‘ - 16x2 +4 = 0 

7. x® - ]2x« + 48x^ - 72x2 + 34 = 0 

8 . x« - 32x« + 260x^ - 224x2 + 4=0 

9. + 16x1^ + lOOx'2 + 304x"> + 452.r2 + 288x® + 64x'' 

-2 = 0 

10. x* + 16x2 + 92x" + 208x2 + IG.r'' - 640x2 - 760x2 

+ 32x + 292 = 0 

11. x* + 8x2 + 12x8 _ 41 , 3.5 _ io 2 x<‘ + 8x2 + 08x2 - 72x 

- 73 = 0 

12 . — 4x^ — 4x“ + 16x — 8 = 0 

13. — 4x^ — 8 x“ + 24x — 4 = 0 



INDEX 


A 

Absolute value, 23 
Addition of determinants, 170 
Amplitude, 23 
Angle, trisection of, 211 
Argument, 23 

’ B 

Binomial equations, 6, 20 
geometrical representation of 
solutions of, 30 
Budan’s theorem, 120 

C 

Complex numbers, 5, 21 
amplitude of, 23 
complex unit, 23 
conjugate, 21 

geometrical representation of, 23 
modulus of, 23 
multiplication of, 25 
powers of, 27 
roots of, 29 
trigonometric form, 23 
Conjugate values, 205 
Constructions with ruler and com- 
pass, 201 et seq. 

Criterion for constructibility, 203 
Cubic equation, 91 
graphical solution of, 100 
nature of roots of, 97 
trigonometric solution of, 98 

D 

De Moivre’s theorem, 26 
Derivative, 45 

geometric interpretation, 46 
Derived functions, 43 


Descartes’ rule of signs, 116 
Determinants : 
addition of, 170 
elements of, 10 
expansion, 166 
of order 159 
interchange of columns, 162 
interchange of rows, 162 
LaPlace’s development of, 167 
minor, 16, 165 
properties of, 161 
rank of, 16, 175 
second order of, 10 
Duplication of cube, 211 

E 

Eliminant, 195 
Elimination, 195 

Sylvester’s dialytic method of, 193 
Equations : 
dependent, 11 
homogeneous linear, 177 
inconsistent, 11 
numerical, solution of, 133 
reciprocal, 83, 87 
transformations of, 80 

F 

Factor theorem, 48, 58 
Fourier’s theorem, 144 
Functions, elementary symmetric, 
181 

G 


Graeffe’s method, 148 
complex roots, 150 
equal roots, 154 
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INDEX 


H 

Highest cominoii factor, 2 
Horner^ s method, 133 
graphical discussion of, 135 

I 

Imaginary numbers, 5, 20 
Imaginary imit, 20 
Imaginary roots occurring in pairs, 
60 

Inversions, 157 

L 

LaPlace^s development of a deter- 
minant, 167 
Linear equations: 
one unknown, 1 
two unknowns, 9 
three unknowns, 12 

M 

Matrices, 178 
Maxima and minima, 54 
Minors of a determinant, 165 
Multiple roots, 74 

N 

Newton^ s method: 
for solution of numerical equa- 
tions, 139 

graphical discussion of, 143 
of divisors, 69 

theorem on sums of like powers of 
roots, 183 

Normal form of x, 205 
Numerical equations, solution of, 
133 

0 

Order of radical, 204 
P 

Permutations, 156 
Polynomials: 
continuity of, 45 
properties of, 38 
sign of, 39 


Primitive roots of unity, 34 
Pure imaginary, 5 

Q 

Quadratics, 5 
discriminant of, 6 
graphical solution of, 24, 201 
Quartic : 

discriminant of, 198 
graphical construction of roots 
of, 104 

resolvent cubic, 103 
solution of, 101 

R 

Radicals: 
order of, 204 
simplification of, 204 
Reciprocal equations, 87 
solution, 88 
Regular polygon : 

7 sides, 212 

9 sides, 212 

5 sides, 213, 218 

10 sides, 213, 218 
17 sides, 214 

Remainder theorem, 47 
Removal of term, 86 
Resultant, 191 
Rollers theorem, 77 
Roots : 

bounds for, 107 

graphic representation, 52 

imaginary, occurring in pairs, 60 

integral, 67, 70, 72 

multiple, 74, 76 

negative, 113 

rational, 66, 73 

relation between roots and coeffi- 
cients, 64 
separation of, 116 

S 

Solution of equations: 

Graeffe’s method, 148 
Horner’s method, 133 
Newton’s method, 139 
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Sylvester’s dialy tic method of elim- 
ination, 193 
Symmetric functions: 
computation of, 188 
elementary, 181 
fundamental theorem on, 186 
Sturm’s functions, 125 
theorem, 125 

theorem for multiple roots, 128 
Synthetic division, 49 


T 

Taylor's theorem, 45 
Trisection of an angle, 211 

U 

Upper bounds to roots, 107 
V 


Vector, 23 



